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ADVERTISEMENT. 


Any  apology  for  reprinting  the  following  work 
may  be  deemed  unnecefTary,  fince  it's  utility 
is  fo  well  known  to  Mathematicians  and  Teachers 
of  the  Mathematics,  as  to  render  any  recommend- 
ation of  it  in  this  place  fuperfluons ;  fuflice  it 
to  fay^  that  from  its  great  fcarcity^  and  the  difE- 
culty  of  procuring  a  copy  of  it  at  any  price,  as  well 
as  the  numerous  enquiries  made  for  it,  induced  the 
late  Editor  of  the  Gentleman*s  Mathematical  Com- 
panion (Wm.  Davis)  to  prepare  the  following 
fheets  for  the  prefs,  and  in  order  to  render  it  ftill 
more  valuable,  he  has  to  this  fourth  Edition  added 
that  (liort  but  valuable  little  Eflay  on  the  Explana- 
tion of  the  Theory  of  Fluxions,  printed  for  Wm. 
Innys,  and  taken  notice  of  by  the  late  celebrated 
Mathematician  Thomas  Simpfon,  in  the  Preface  to 
his  excellent  Treatife  on  Fluxions, 
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PREFACE, 


CJf  all  the  Matbematical  Sciences,  ne  Bocirlns 
of  fluxions  is  the  moft  extenfiveand  fLiblime,  By 
this^  many  Difficulties,  unfurmountable  by  any 
other  known  Method,  are  folved  with  uncommon 
Espedicion,  Elegance,  and  Eafe. 

It  is  a. General  Way- — for  determining  the  jnax- 
ima  and  minima  of  Quantities ;  drawing  Tangents 
to  Curves,  finding  their  Points  of  Infiedion  and 
Radii  of  Curvature  : — for  obtaining  the  Lengths  of 
curve  Linesj  the  Areas  of  curviHncal  Spaces,  the 
Surfaces  and  SoHdities  of  concave  and  convex  Bo- 
dies: he,  —  In  a  Word,  It  extends  to  the  invelti- 
gating  the  moil  abflrufe  and  difficult  Problems  in 
the  various  Branches  of  mathematical  and  philofo- 
phical  Science. 

The  Method  of  Fluxions  was  firfl:  invented  in  the 
Years  1665  and  1666,  by  that  Prince  of  Mithe- 
mat?cians  and  Philolbphersthe  late  Sir  Jfaac  Neiuicn^ 
then  Mr.  Neivton  about   23  Years  old*.     It  was 

*  He  vTis  Born  Decevilcr  25,  1642^  K.nigbted  in  1705  3  and 
Died  March  20,  1726. 
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foon  after  communicated  to  fome  of  his  Friends  j 
but,  he  g;i  e  no  public  Specimens  thereof  until  the 
appearance  of  his  immortal  Pbilosopbicd  Natitralis 
Principia  Mat^cmattca  pi  in  ted  in  the  Year  i^^^y: 
The  celebr;nc-a  Gcr/?/^ ',  therefore,  Mr.  Godjr y 
fVilUam  LethnitZj  ro  whom  it  was  hinted  in  1676, 
apphed  it  in  the  jicta  Eruditorum^  printed  at  L'ip' 
^fic\n  1684,  io  a  few  Pr^bJems  de  Maximis  et  Mki' 
7w/j  and  Tangents  to  Curves,  and  clai  r;eu  the  In- 
vention him  cif * Their  Notations  indeed  are 

different ;  and,  Quantities  being  by  boi-h,  in  Eifei^t 
conlidered  as  produced  by  continu.d  Increale  after 
the  fame  manner  as  Space  is  delcribed  by  a  Body 
in  Motion  J  in  Read  of  the  Velocity  with  which  a 
Quantity  varies  or  fiows  a^  any  Poinc  or  Term  of 
the  i'ime  in  whicl:!  it  i^  fuppoled  to  be  generated, 
called  by  Sir  Ifaac  a  FiUxion^  Leibnitz  takes  the 
Increment^  or  htiiePart  generated  in  an  indehnitely 
fmali  Portion  ot  Time,  and  calls  it  a  Differential^, 

Several  excellent  Treatifes  have  been  publillied 
on  the  Siibjed  ;  but,  as  they  appear  not  calculated 
to  introduce  the  young  and  unaihlted  Beginner  into 
this  ahftrufe  and  difficult  Science,  in  order  to  his 
iindtrftanding  thenj,  a  plain  and  cafy  Irdroduciion 
feems  to  ce  neceiiary  ;  and  for  that  End  the  tolLow- 
ing  Sheets  arc  chiefly  dcllgned. 

•*•  See  Raphoii  s  History  of  Fluxions,  printed  in  the  Year 
1715}  or,  ihe  Con.mercium  Epistolicum,  pabiished  by  Order 
oi  the  Koyal  Socitty  in  1722  -,  wherein.  Sir  Isaac  i."»  fully  proved 
the  C-riginai  Inventor  of  this  noble  and  most  (ielightln!  Method, 
•f  Ltil- nilz  dii,  o'.es  the  Lijferential  of  any  variitble  quan- 
tity -t  by  df  ;  and  Sir  Isaac,  generally,  for  it's  Fluxion  writes 
A'  }  hut  in  h'.s  Prin.ipia  liowing  quantities  arc  expressed  b)  thii^ 
capital  leners,  A,  B,  &:c.  and  their  Fluxions  cr  JncKements  b/ 
the  con fs^  Olid uiu,  •  mall  letters  a,  b,  &c. 
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This  Tra(ft  is  divided  into  thfef.  Parts :  tht  firjl 
trears  oi  ihQ  Direct  Method  ofFhxions  j  in  which 
from  the  generated  Qjjantitv  or  Fluent  being  given, 
we  find  the  Fluxion',  and  i\\^  fecoyid  o{  i\\t  Inverfe 
MeUiod  ;  wherein,  from  the  Emxioh  beinii;  known, 
we  find  the  Fluent'*  :  the  /i'zV^ contains  miscellane- 
pus  ^iefiio7is  with  their  incremental  and  Jluxlonal 
Solutions  ;  which  could  not,  with  propriety,  be  in- 
fened  in  the  former  Parts;  and  to  fome  of  which 
there  were  ©ccafion  to  refer. 

In  this  Third  Edition-\  arc  many  Additions  and 
Alterations,  The  Conft ructions  are,  in  general, 
New  J,  In  a  Word,  Ic  contains,  periiips,  a  v.i- 
riety  of  Things  not  to  be  found  in  any  oiher  Tract 
on  the  Subject. 

In  order  to  a  thorough  iinderftanding  of  this 
InirodUition,  it  is  rcquifite  that  the  Learner  be  well 
acquainted  with  Arithmetic,  Algebra,  Geomerry, 
Plane-Trigonometry,  Conic-Seclions,  and  ihe  Na- 
ture of  Logarithms.  But,  as  geometrical  and  al- 
gebraical \  reatife%  in  genera!,  give  not  the  De- 
fcriptions,  and  fic>m  thence  the  deduction  of  the 
Properties,  of  fome  Curves  to  be  f:>iind  in  the  fol- 
lowing Sheets;  nor  the  Methods  of  reducing  Quan- 
tities into   Infinite    Series,    and    of  Noting    iheir 


•  The,  Direct  Method  of  Fluxions,  as  delivered  by  Leibnitz 
is,  by  Foreigners,  ca  led  Calculus  Differentiulis  ;  and  the  Jn- 
verse  Metlicjd,   Calculus  Inteuralis. 

t  The  First  Edition  was  printed  in  the  Year  1/51  ;  and  the 
Second,  with  Alterations  zud  Additions,  in  1 757. — Cuts. 

X  Those  in  art,  35,  3g,  7Q,  and  86,  may  be  seen  in  other 
Pooks. 
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Powers  and  Raots,  rcceiTary  to  be  ufecl  in  jiuxmial 
Trads;  thercfoie,  thelc  Deficiencies  are  herein 
iV.pplied,  though  they  do  not  immediately  relate 
to  the  Bufmess  in  Hand, 

John  Xo^k^ 
y^trfary  8,  1767. 
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CHAPTER  I. 

Of  the  Principles  of  Fluxions,  and  of  the  J^ew 
Notation  in  Algebra. 

1.  TN  this  dodrine,  quantities  are  fuppofed  to 
be  generated  by  continual  increafe,  after  the 
manner  of  a  fpace  which  a  body  in  motion 
defcribes. 

Thus,  a  line  is  fuppofed  to  be  generated  by  a 
point  in  motion,  a  f  jperficies  by  a  line,  and  a 
folid  by  a  fuperficies. 

2.  The  velocity  with  which  a  quantity  flows, 
or  is  generated^  at  any  particular  point  or  term  of 
it,  is  called  the  Fluxion  of  that  quantity  at  that 
point  or  term, 
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plo-.  Thus,  if  we  fiippofe  the  hidefinite  right  line  AZ, 
j^  to  move  with  a  parallel  morion  along  the  axis  AX, 
2,  or,  fo  as  always  to  be  parallel  to  its  firft  (ituation, 
and,  at  the  fame  time,  a  point  to  move  from  A 
along  the  (aid  line  AZ  To  as  ro  generare  or  always 
',t0:te;  iin;  the  curve  AY;  then  the  velocity  with 
wlrich'ihe  end  or  point  A  of  the  line  AZ  arrives 
»  /atimy  .point  C,  or,  which  is  the  fame,  the  velo- 
cicy  With  which  the  axis  flows  or  is  generated  at  any 
particular  point  C,  is  called  the  fluxion  of  the 
axis  at  that  point;  and  the  velocity  with  which  the 
point  moves  along  the  line  AZ  at  any  point  B,  that 
is,  the  velocity  with  which  theordinate  flows  or  in- 
creafes  at  any  point  B,  is  called  the  fluxion  of  the 
ordinate  atthatpoint;  alfo,  the  velocity  with  which 
the  point  generates  or  moves  along  the  curve  at  any 
point  B,  is  called  the  fluxion  of  the  curve  at  that 
point;  likewife,  the  velocity,  or  degree  of  quick- 
nefs,  with  which  the  curvilineal  fpace  ACB  flows, 
or  is  generated  by  the  Hne  AZ  at  any  term  CB, 
is  called  the  fluxion  of  the  faid  curvilineal  fpace 
at  that  term. 

3.  Now,  if  the  velocity  with  which  any  quan- 
tity flows,  or  is  generated,  be  at  every  point  or 
term  the  fame ;  that  is,  if  it  be  neither  accelerated 
nor  retarded,  the  fluxion  of  it  will  likewife  be  at 
every  point  or  term  the  fame.  But  if  this  velo- 
city be  continually  increafed  or  diminifhed,  then 
there  will  be  a  certain  degree  of  velocity,  or  flux- 
ion, peculiar  to  every  point  or  term  of  the  thing 
defcribed  ;  and  the  velocity  wherewith  the  faid 
velocity,  at  any  point  or  term,  is  either  accelerated 
or  retarded,  is  called  the  Fluxion  oj  the  Fluxion^ 
or  ihQ  Second  Fluxion.  And,  again,  if  this  acce- 
leration or  retardation  be  not  uniform,  but  is  con* 


Doctrtne  of  Fluxions.  3 

tlhiiajly  varying  ;  or  the  ve-ocity  with  which  the 
iquiinlty  fl  ws  does  nor  uniformly  incrcafe  or  de- 
creafe,  then  the  velocity,  o  degree  of  fwifcnefs, 
with  v.h'ch  this  acceleration  or  retarrlarion  either 
incrcalcs  or  decreafes,  is  called  the  Third  Fluxion  ; 
and  lb  on, 

4.  The  indefinitely  imall  increafe  of  a  quantity 
genera'ed  in  an  indefinitely  fmall  particle  of  time, 
is  called  the  Increment  of  that  quantity. 

Thns,   if  we  fuppofe   he  indefinitely  near  and    Fig. 
parallel  to  the  oalinate   BC,  and   B?2   parallel  to      3. 
the  abfcils  AC,  chen  Cc,  or  its  equal  Bw,  is  called      4. 
the  inciement  of  the  abfcifs  AC  ;  nh  the  increment 
of  the  ordinate  CB  ;B^  the  increment  of  the  curve 
AB  ;  and  CBZ?c  the  increment  of  the  curvilineal 
fpaceACB. 

5.  Now,  if  ed  be  fnppofed  indefinitely  near  and 
parallel  to  he,  and  hr  equal  and  parallel  to  Bw  or 
cdf  then  the  difference  bet vveen  w/;  and  re  is  cal- 
led the  Increment  of  the  Increment,  or  tiie  second 
Increment,  that  is,  ihe  Increment  of  nh^  or  5e- 
cond  Increment  ox  CB.  And,  g^if^»>  if  ^/"oe  fnp- 
pofed mdefinuely  near  and  parallel  to  ed,  and  et 
^qual  and  parallel  tourer  cf^,  then  the  difference 
between  the  lecond  increrne- t  and  thn  of  re  and 
is,  is  called  the  Third  Increment  oi  Ctij  and  fo 
on. 

6.  Note.  When  a  quantity,  inRead  of  increaf- 
Jhg,^  is  continual iy  dimmiihed,  t'len  the  indefi- 
nitely fmall  paiticies  by  which  it  is  lelfened,  are 
not,  properly,  called  Increments,  h{  it  Decrements, 
And  both  Increments  and  Decrements  are  fome- 
times  called  Moments, 

7.  Now  if  we  iuppofe  the  abfcifs  AC,  to  flow 
on  with  an  uniform  motion,  or  equal  parts  of  it  to 
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be  generated  or  defcribed  in  equal  times,  its  'm^ 
cremcnt  will  accurately  exprefs  or  be  exadly  as  its 
fluxion,  fince  velocity  is  always  exprefled  by, 
or  is  as  the  fpace  uniformly  defcribed  in  a  given 
time;  and,  therefore,  if  the  curve  BZ?  did  exadly 
coincide  with  the  tangent  or  right  line  TBG,  it 
is  evident,  that  then  the  increments  B^  and  hn 
would  likewife  be  defcribed  with  uniform  motions, 
and  the  fame  degrees  of  velocity  with  which  the 
curve  and  ordinate  refpedively  flow  at  the  point 
B,  that  is,  the  increments  BZj  and  hn  would  then 
be  accurately  as  the  fluxions  of  the  curve  and  or- 
dinate at  the  point  B.  But,  fince  not  two  points 
of  the  curve  are  coincident  with  the  tangent,  and 
confequently  the  velocities  with  which  the  incre- 
ments are  generated  are  continually  varying  in 
every  point,  therefore  thef  increments  and  flux- 
ions are  not  in  an  exadt  proportion  to  each  other; 
or,  the  increments  do  not  accurately  meafure  the 
velocities  or  fluxions  with  which  they  begin  to 
be  generated.  However,  as  the  point  h  is  continu- 
ally nearer  to  a  coincidence  with  the  tangent  GB, 
the  nearer  it  approaches  the  point  of  contact  B,  fo, 
therefore,  if  we  conceive  the  ordinate  ch  to  move 
back  until  it  coincides  with  CB,  then  the  very 
firft  moment  before  its  coincidence,  the  curve  B6 
and  right  line  BG  will  be  infinitely  or  rather  inde- 
finitely near  to  a  coincidence  with  each  other;  and 
confequently,  in  that  cafe,  the  increments  B^  and 
hn  will  come  indefinitely  near  to  meafure  the  flux- 
ions of  the  curve  and  ordinate,  or  the  velocities 
with  which  they  flow  at  the  point  B  ;  or,  becaufe 
the  particles  of  time  in  which  any  increments  are 
generated  are  fuppofed  to  be  indefinitely  fmall, 
and,  confequently,  the  acceleration  or  retardation 
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of  the  velocities  with  which  they  are  generated 
mud  be  fo  too;  therefore,  they  are  indefinitely 
near  in  proportion  to  the  fluxions  of  the  quanti- 
ties of  which  they  are  incrcmfnts;  but,  when 
Ratios^  from  that  of  equality,  are  but  indefinitely 
little,  or  lefs.than  can  be  affigned,  they  may  be 
confidered  as  equal*.  Hence,  therefore,  the  in- 
crements may  be  taken  as  proportional  to,  or  for 
the  fluxions,  in  all  operations ;  and,  on  the  con- 
trary, the  fluxions  for  the  increments. 

8.  Thofe  quantities  which  are  fuppofed  to  flow, 
or  to  be  generated  by  continual  increafe,  as  the 
abfcifs  and  ordinate  of  a  curve,  are  called  FluentSy 
and  variable  or  flowing  quantities;  and  thofc  which 
neither  increafe  nor  decreafe,  or  admit  of  no  vari- 
ation, as  the  parameter  of  a  conic  fedtion,  and  the 
diameter  of  a  circle,  are  called  fixed,  given,  and 
invariable  quantities, 

9.  The  beginning  of  the  alphabet,  viz.  a,  b, 
c,  &c.  is  ufed  to  exprefs  invariable  quantities ; 
and  the  end  of  it,  viz.  z,  y,  x,  t^c.  variable  or 
flowing  quantities. 

10.  The  fluxion  of  any  variable  quantity  x,  is 
denoted  by  X;  its  fecond  fluxion,  or  the  flux- 
ion of  X,  by  x ;  its  third  fluxion,  or  the  flux- 
ion of  x^  by  x;  and  lo  on.  Alfo,  the  moment, 
increment,  or  decrement  of  x,  is  denoted  by  of ; 
its  fecond  moment,  increment,  or  decrement,  01 
the  moment,  increment,  or  decrement   of  x',  by 


11.  The  fluxions  and,  moments  of  invariable 
quantities,  viz.  of  a,  b,  c,  &c.  are  evidently  =  o. 

12.  Thofe   fluents   which  are   generated  in  the 

*  This  was  allowed  by  the  ancient  geometricians,  EucIU 
Archimedes,  tsfc. 
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fame  time,  or  in  equal  times,  or  which  b?2;in  to. 
gether  and  end  together,  are  called  contemporary 
fluents;  and  the  fluxions  of  the^e  contemporary 
fluents  are  called  contemporary  fluxions.  Now, 
it  is  evident,  if  two  or  more  of  thefe  conremporary 
fluents  are  alw.ivs  equal,  or  in  any  io variable  ra« 
tio  to  each  other,  that  their  contemporary  fliixions 
will  likewife  be  equal,  or  in  the  fame  proportion; 
and  that,  on  the  contrary,  if  two  or  more  of 
thefe  contemporary  fluxions  are  always  equal, 
or  in  any  invariable  ratio  to  each  othtr,  their  con- 
temporary fluents  will  likewife  be  equal,  or  ia 
the  fame  proportion. 

We  come  now  to  find  the  Fluxidns  of  Fluents^ 
or  the  velocitx^s  with  which  flowing  quantities  in- 
creafe  or  decreafe  at  any  points  or  terms  afligned  ^ 
the  bufintfs  of  which  is  called  the  Direct  Method 
of  Fluxions.  But,  before  we.  proceed,  it  may, 
perhaps,  be  neceifary  iot:eat  of  A'hat  is  called 

The  New  Method  ofNotationin  Algebra*^ 

15.  In  furds,  the  index  fhowing  the  heighi  of 
the  power  to  which  any  given  quantify  is  %)  bo 
raifed,  is  here  placed  as  the  nuint-raror  of  a  frac- 
tion, whofe  denommator  is  the  radical  fign  or  in- 
dex fhowing  the  root  to  be  txt  1  a-fled •}■. 

Thuss  v^.V2~is  exprefled  by  x'^y   andy^J^  by 


*  This  was  invented  bv  the  late  relebrated  Dr  Wallis,  and 
first  published  in  his  Arithmetua  JnfivitQium  n\  the  year  1656. 

tlhis    r.ctiou  is  called  the  i^'.  w  of  the  power,  and  th« 
given  quantity  itself  the  Root  of  the  power. 
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Alfo,  7-7=  is  exprefled  by  -7-  or  *      '  and 

\/df-             '^  XT 

1         ,  I  *.—% 

rj^—--  by   ^rrrrr;--  OF  O-f?  ** 

Now,  in  any  geometrical  progreflion,  whofe 
firfl  term  is  imtti/^  or  i,  if  we  take  an  arithmeti- 
cal progreflion,  whofe  fird  term  is  o,  and  whofe 
fecond  term,  or  common  difference,  is  the  index 
of  the  quantity  in  the  fecond  term  of  the  geome- 
trical progrefTion;  then,  the  number  in  any  term 
of  the  arithmetical  progreffion  will  be  the  index  of 
the  quantity  in  the  correfponding  term  of  the  geo- 
metrical progrefiion  ;  and^  therefore,  the  arithme- 
tical mean  between  the  numbers  in  any  two  terms 
of  the  arithmetical  progreffion  will  be  the  index  of 
the  geometrical  mean  between  the  quantities  in  the 
two  correfponding  terms  of  the  geometrical  pro- 
greffion. 

Thus,  in  the  geometrical  progreffion   i,.r*.  x\ 
s.  S 

x\  x^,x2.xK  ^c,  where  the  common  multiplier 

is  x^ ;    if  we  take    the   arithmetical    progreffion 

o.  —.1.-^.  2.  A.  2.   ^c.  wherein  the  common  dif- 

222^ 
ference,  or  quantity  added,  is  ^;  the  number  in 
either  term  of  the  atiihmetical   progreffion  is  the 

*  The  propriety  of  using  negative  indices  is  evident  j  for, 
to  divide  any  power  of  x  hy  x,  is  only  to  lessen  the  index  of 
the  power  by  1  j  or,  to  subtract  the  index  of  the  denominator 

from  that  of  the  numerator.     Thus^   — is  zr  ar^  j  :_  is  =  :r  *^ 

orx;  --    lizz  x^-zzi',   .^iszzx®     *,  that  is,  _isiz:a:       3  &c, 
.r*  1*  X 

B4 
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index  of  the  quantity  in  the  correfponding  term 
of  the  geometrical  progrellion ;  and  the  arith- 
metical mean  between  tlxf  numbers  in  any  two 
terms  of  the  arithmetical  progeffion  is  the  index 
of  the  geometrical  mean  between  the  quantities  in 
the   two  correfponding  terms  of  the  geometrical 

progreflion.     For  inftance,  ^,  the  4th  term  of  the 

arithmetical  progreflion,  is  the  index  of  x'^,  the 
4th  term  of  the  geometrical  progreflion  ;  and  the 

arithmetical  mean  between  -  and  -,    the   2d  and 

2  2 

6th  terms  of  the  arithmetical  progreffion,  which  is 
I,  is  the  index  of  the  geometrical  mean  between 
oc^  and  xs  the  fame  two  terms  of  the  geometrical 
progredion,  which  is  x'^\ 

Or,  in  the  defcending  geometrical  progreffion, 

or   Icrips,     i.--|. —  .-Y". —  -r« — •  ^c.   that   is, 
x^    cc    x^  x^    x^  x^ 

l»  X     2  ,-j;"""   ,x'^'^,x~^    ,x     ^^x         .6?c.  where 

the  common  diyifor  is  .r*,    if  we  take  the  arithme- 

itical  progreffion,  or  feries,  o. . —  i.— -. — 2.— . 

2  2 

-.  —  5.  ^c.   wherein   the  common   difference,  or 

quantity  fubtraded,  is  i,  the  number  in  any  term 
of  the  arithmetical  feries  is  the  index  of  the  quan- 
tity in  the  correfponding  term  of  the  geometrical 
feries :  thus,  — |,  the  4th  term  of  the  arithmetical 

feries,  is  the  index  of /tf~~^,  the  fame  term  of  the 
geometrical   feries  j    and    the  arithmetical    mean 
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between  any  two  tcpms  of  the  arithmetical  feries, 
is  the  index  of  the  geometrical  mean  between  the 
fame  two  terms  of  the  geometrical  feries;  as,  for 
inftance,  the  arithmetical  mean  between  — ~  and 
«—  I,  the  2d  and  6th  terms  of  the  arithmetical leries, 
which  is  — 1-,  is  the  index  of  the  geometrical  mean 

between  x"  '  and  x     ^%  the  2d  and  6th  terms  of 

the  geometrical  feries,  which  is  x'^''^. 

Hence  we  may  obferve,  that,  in  the  indices 
of  powers,  addition  has  the  effed:  of  multiplication 
on  the  refpedive  roots,  and  multiplication  of  in- 
volution, and,  e  contra,  fubtradion  of  divifion, 
and  divifion  of  evolution ;  or  that,  in  a  w^ord,  in- 
dices of  powers  are  entirely  logarithmical  with  re- 
gard to  their  roots. 

So  that,  x'-y.x^  isii:A^^4.'^z:A:^,'y^^is  =  ;f'^^"^  z= 

x^ ^  —  is  =  x^     zzx^^  .r"^'  ^    is    zz  x"-    =^  x  ;  and 

/-X^""^  is  ^x'~^zix^,  F^'IszzA^x  -''=;v-% 
x'^v  *  is  =  ^*^'"*::3  ^— *  :  or,  univerfally,  ^""X 

^v"  is=;f'"+'',  iv  r  iszzA^'"",  —  is  —  ^V""",  and  i)c"'  "is=i 

x"" 

x" ;  where  note,  m  and  n  reprefent  any  affirmative 
or  negative  whole  numbers  or  fractions  whatever*. 
If  what  has  been  faid  be  duly  confidered,  no 
difficulty  in  this  new  notation  will  occur ;  the 
knowledge  of  which  is  abfolutely  neceffary,  in 
order  to  the  well  underftanding  the  following  pages. 


"*  These  indefinite  indices  were  introduced  by  the  great  inycn- 
Jtor  effluxions. 
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■* 

CHAPTER  II. 

OJJinding  the  Fluxion  of  a  given  Fluents 


*IULB  I. 

14.  To  find  the  Fluxion  of  a  Simple  Fluent,  or, 
of  that  wherein  there  is  but  One  variable  Let- 
ter or  flowing  Quantity. 

Mark  the  variable  letter  or  flowing  quantity 
with  a  dot  over  it,  and  you  will  have  tte  fluxion 
required. 

Thus,  the  fluxion  o^  a  x  hzzax, 
rp:  For,  if  we  fuppofe  the  variable  redangle  AB  to 

^*  be  generated  by  the  given  line  CB  fettingout  from 
^*  the  fituation  AD,  and  moving  along  with  a  paral- 
lei  motion  between  the  parallel  and  indefinite  flde^ 
AC  and  DB,  it  is  evident  the  velocity  with  which 
the  redangle  flows  is  equal  to  the  generating  line 
CB  drawn  into  the  velocity  with  which  the  point 
C  generates  or  moves  along  the  line  AC,  that  is, 
the  fluxion  of  the  redangle  AB  is  equal  to  the  in- 
variable line  CB  drawn  into  the  fluxion  of  the 
flqwing  or  variable  line  AC.  Therefore,  if  AD 
or  CB=:^,  and  AC  or  DB—^;,  then  the  fluxion 
o[  tne  recl:angle  ax  will  btzza  xxzzax. 


RULE  II, 


15.  To  find  the  Fluxion  of  the  Produd  of  two  or 
more  flowing  Quantities  drawn  into  each  other. 

Multiply  the  fluxion  of  each  quantity  feparately 
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by  the  other,  or  theprodudof  the  reft  of  the  quan- 
tities; and  the  fum  ot  thefe  produdls  will  be  the 
fluxion  required*. 

1  hus,  the  fluxion  of  .ry  \%'zx y'^xy  ;  the  flux- 
ion of  X  7/  z  IS -zzx yz^-xy  2+^  ijz;  and  the  flux- 
ion of  vxy  z  \%zzvxy  z-^-v x y  z+vx y  z-^v x y  z. 

1°.  That  the  fluxion  of  x  y  \szzxyi-xy,  may 
thus  be  proved.  Suppoltr  a  line,  coincident  with  Fig* 
the  indefinite  right  Une  AF,  to  move  with  a  paral-  6. 
lei  motion  along  the  indefinite  right  line  AE  per- 
pendicular to  AF  ;  and,  at  the  fame  time,  another 
coincident  with  the  linet  AE,  to  move  with  a  pa- 
rallel motion  along  the  line  AFj  and  that  the  faid 
two  lines  move  with  fuch  dilFerent  degrees  of  ve- 
locity as  that  their  points  of  interfedion  be  always 
in  the  curve  AT.  Through  any  point  B  in  the 
curve,  draw  CM  pajallel  to  AF,  and  DG  paral- 
lel to  AE.  Then,  by  the  line  moving  along  the 
line  AE  will  the  curvilincal  fpace  AEI  and 
redangle  DE  be  generated ;  and  by  the  line 
moving  along  the  Ime  AF  the  curvilineal  fpace 
AFI  and  redangle  CF  will  be  generated.  Now, 
before  the  lin^  moving  along  the  line  AE  arrives 
at  the  fnuaiion  CH,  it  is  evident,  that  the  cur- 
vi lineal  fpace  AEI  will  increaf-  flower,  or  flow 
with  a  lefs  degree  of  velocuy  than  the  redangle 
DE,  and  alter  wards  faOcr,  or  with  a  greater  de- 
gree of  velocity  ;  theretore,  at  the  term  CB,  they 

'*  The  common  methods  of  proving  the  truth  of  this  rule^ 
which  are  by  the  aid  of  increments,  were  smartly  attacked  by 
the  late  acut  •  Dr  Berkeley,  Bishop  of  Cloyne,  in  a  pamphlet 
calleet  The  Analyst^  printed  in  the  year  1734;  but  his  objec- 
tions it  is  presumed,  are  by  no  means  applicable  to  the  demon" 
stratio'js  ''ere  given;  on  the  contrary,  it  is  not  doubted,  but 
the  reasoning  here  advanced  will  b«  allowed  to  be  scientific,  fair, 
and  conclusive. 
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will  flow  or  increafc  with  one  ami  the  fame  degree 
of  velocity.  So,  likewife,  the  curvilineal  ipace 
AFI,  will  flow  or  increafe  flower,  or  with  a  lefs 
degree  of  velocity  than  the  redangle  CF,  before 
the  generating  line,  moving  along  the  line  AF, 
comes  to  the  fituacion  DG  ;  and  afterwards  fafter, 
or  with  a  greater  degree  of  velocity;  and.,  therefore, 
at  the  term  DB,  they  will  increafe  or  flow  with  an 
equal  degree  of  velocity  ;  that  is,  the  fluxion  of 
the  curvilineal  fpace  AEI  is,  at  the  term  CB, 
equal  to  the  fluxion  of  the  redangle  DE  at  the 
faid  term  CB ;  and  the  fluxion  ol  the  curvihneal 
fpace  AFI  is,  at  the  term  DB,  equal  to  the  fluxi- 
on of  the  redangle  CF  at  the  fame  term  DB.  But, 
(^Art.  14.)  the  fluxion  of  f  e  rectangle  DE,  at  the 
term  CB,  is  equal  to  CB  drawn  mto  the  fluxion  of 
AC ;  and  the  fluxion  of  the  redtangle  CP\  at  the 
term  DB,  is  equal  to  DB  drawn  into  the  fluxion 
of  AD.  Hence,  therefore,  the  fluxion  of  tlie  flow- 
ing redanglc  ACBD  (or  oi  the  fum  of  the  two 
curvilineal  Ipaces  ACB  and  ADB)  is  equal  to  CB 
drawn  into  the  fluxion  of  AC,  added  to  DB  drawn 
into  the  fluxion  of  AD  ;  that  is,  if  we  pui  AC  or 
DB  =:  x^  and  AD  or  CB  iz:  y,  the  fluxion  of  the 
rectangle  xy  will  be  =  xy-^xy, 

2°.  And,  that  the  fluxion  of  xyz  is  =  xyz+xyz 
+xyz^  may  thus  be  proved.  Let  the  length, 
breadth,  and  depth,  of  a  parallelopipedon,  be  re- 
prefented  by  x^  2/,  and  z,  refpedively.  Now, 
this  parallelopipedon  will  be  equal  to  three  pyra- 
mids, whofe  bafes  are  xy^  xzy  and  yz,  and  alti- 
tudes z,  7/,  and  x^  refpedively*:  and  therefore, 
(Art,  12.)  the  fum  of  the  fluxions  of  thefe  pyramids 

*7  E.  l2.Corol.  1. 
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will  be  equal  to  the  fluxion  of  the  parallelopipedon 
X  7/  z.     Let  either  of  the  pyramids  be  reprefenred 
by  AEI  or  A-CB,  which  fuppofe  to  be  generated  jp- 
by  the  variable  plane  AF  moving  with  a  parallel 
motion  along  the    indefinite  right  line  AE  ;    and,    '' 
at  the  fame  time,  let  the  parallelopipedon  ADGE 
(whofe  face  AD  or  EG  is  equal  and  lirnilar  to  the 
bafe  of  the  pyramid  at  the  term  CB)  be  generated 
by  the  phne  AD  always  coincident  with  the  plane 
AF.     Now,  it  is  plain,  that  the  pyramid   will  in- 
creafe  flower,  or  flow  with  a  lefs  degree  of  velo- 
city, than  the  parallelopipedon,  before  the  gene- 
rating planes  arrive  at  the  term  CB,  and  afterwards 
fafter,  or  with  a  greater  degree  of  velocity  ;  there- 
fore, at  the  faid  term  CB,  they  will  flow,  or  be 
generated,  ^\ith  the  fame  or  an  equal  degree   of 
velocity  :    but  it   is   likewife  plain,    that  the  ve* 
locity  with  which  the  parallelopipedon  is  generated 
is  equal  to  its  face  AD  or  CB  drawn  into  the   ve- 
locity of  its  motion  along  the  line  or  fide   AE ; 
therefore,  the  velocity  with  which  the  pyramid  is 
generated,  is,  at  the  term  CB,  equal  to  its  bafe 
CB  drawn  into  .the  velocity   .f  its   motion  at  the 
point  C,  along  the  fide  AE ;  that  is,  the  fluxion 
of  the  pyramid  ACB  is  equal  to  its  bafe  CB  drawn 
into  the  fluxion  of  it*^  altitude  AC.     Hence,  there- 
fore, when  the  bafe  is  xi/  and  altitude,  z,  the  flux- 
ion of  the  pyramid  'is=z:iyX,z-=xi/z  -,  and  when 
the  bafe  is  xz  and  altitude  y,  the  fluxion   of  it  is 
=^xz'Xy=^xyz  ;  and,  laftly,  when  the  bafe  is  yz, 
and   altitude   x,  its    fluxion    isrry^  x  X  ^  xyz. 
Confequently,  xyz-\-xyZ'^xi/ z(^v^hich  is  the  lum 
of  the  fluxions   oi  the    three   pyramids,)  is  =  the 
fluxion  of  the  parallelopipedon  xijz, 

3°,  And,  hence,  that  the  fluxion  of  vx  1/  z  is=: 
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vxi/z-^vxT/zi-vxyz  +  vxT/z,  maybe  thus 
proved.  Put  x  y  z=ii ;  then  v  x  yz—vw^  tnere- 
forej  {Art,  12.)  the  fluxion  of w  is=:ihe  fluiion  of 
ic  y  z,  and  the  fluxion  of  f  w  is  :=:  the  fluxion  of 
vxyz\  that  is,  u^=x  y  z  r  xy  z~\-x  y  z^  and  i  z^ 
H-t;^=rthe  fluxion  oi  v  x  y  z.  Wherefore,  by 
fefl:itution,  or  writing  xyz  for  w  and  x  y  z-i- 
xyZ-j-xyzfoi  i,  ue  have  v  ti-rv  ii'=:^v  x y  z-h 
i'xyz-i-v  xy  z-^-v  x  y  z  =  tiie  fluxion  oivxyz. 
Hence 

16.  The  fluxion  of  ,;f  .A?  is  =  x  x-\-x  X'^  the  flux- 
oi X  X  X  \s- X  X x-^x  X  x-\-x  X  X  I  the  fluxion  of 
xxxx\sz:zxxxx-{-_xxx  X'{-x  x  x  x-^-x  x  x  X'y 
that  is,  the  fluxion  oi  x^  \s=^  2  x  x  ^  the  fluxion 
of  .;i?^  is=  '^x^x  ;  the  fluxion  of  ;c'^  is  =:  AfX^X.  And 
if  m  reprelents  any  aflnLrmaiive  or  politive  whole 
number,  the  fluxion  oi  x"^  will  htzznox'^~^x. 

RULE  III. 

17.  To  find  the  Fluxion  of  a  Fradion. 

Multiply  the  denominator  into  the  fluxion  of 
the  numerator  ;  from  the  produ6t  of  which,  fi;b- 
tra6l  the  numerator  drawn  into  the  fluxion  of  the 
denominator ;  then,  divide  the  remainder  by  the 
fquare  of  the  denominator,  and  you  will  have  the 
fluxion  of  the  fradion  required. 

Thus,  the  fluxionof  —  isn     -^    •-^. 

y         y 

X 

For,  put  2=     ;  then  y  zz^x  \  and  the  fluxion 
of  this  equation  {^Art.  12  and  15.)  \'s» y  z -Y y  zzz 
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i  :.  therefore,  by  tranfpofition,  7/  zzzx  —y  Zy  and, 
bydivifion,  ^~y-^y-     that  is,  by  reftitution, 

y 

or   writing  —for  z   its  equal,    2;= = 

y  y    ' 

^i^Zfi^the  fluxion  of  1 

/  y 

Alfo,  the  fluxion  of  -  is  zr^^;  the  fluxion  of 


_.  isz:- ;    the  fluxion  of  ~is=r iJlJi 

and  the  fluxion  of    ~  is~'"'^^f« 


For, 

I^  Put2;zz_;  then  xznj,  and  the  fluxion  of 


X 


X  z  will  be~the  fluxion  of  i,  which  {ArL  11.)  is 
=  o  ;  that  is,  {Art,  15.)  .x-  2;  +Ar  .i— o ;  therefore, 

X  Z'=i  — X  Zy  and  z  = ;  or,  by  writing  for 

X 

2;  its  equal  ~,   z  rr: =:  the  fluxion  of  _. 

X  x^  X 

2*,  Fut  zzr  _  ;  then,  z  ^=  i  j  and  the  fluxion 

of  this  equation  {Art»  11,  15,  and  16,)   is  2;  x^-k- 
2z  X xzzo'^   therefore,   .^  x^:::z  —  2Z  xXy  and  ij 

= 1_ ;   or,  by  writing  -for its  value 2r,2J 

a;  x^ 

zz— z:Z^^-~ — z:thc  fluxion  of  — . 

x'  »'  x^ 
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3^  Put  2;  n  i_ ;  then,  z  x'^^i  ;  and  the  flux- 

ion  of  this  equation  (Art.  11,  15,  and  16,)  is2;^^  + 
2  z  x^  xz=i  o  I  therefore^  zjx^  —  —  ^  z  x^  x,   and 


z  :z 


z 


^  ZX^  X 


5  or,  by  writing  i-  for  z  its  value. 


X3 

^ zz ^-^zzthe  fluxion  or  -— - 

x^  X*  X'' 


4®.  Put  2;  —_;  then  2;.;^*=:  I,  the  fluxion  of  which 

x^ 

equation,  {Art^  if,  15,  and  16)  \%  z  x" -{■  ^  z  x^  x 
zz  o  :    therefore   z  ^*  =  —  4  2;  x*  ^,    aad   z  zi 

—  4.  z  X3X  ^  that  is,  by.reftitution,  or  writing-^ 

for  2;,  ^--—4  f  ^~:ZLi^-the  fluxion  of-i  > 

x^  x^  ^ 

But,  by  the  new  method  of  notation  in  algebra, 
(Art.  13.)  —  is  =  Ar~%-i.  is  =  a;~~%  -L  is=:A;""% 

.V  A'  ;^ 

_  is  =  X    *  :  alfo,  ——  is  =s=  —  ^      X^ — --  is 
^*  x^  x^ 

:=st  —  2  X     ^  X,    ^—   IS  =  2  X     ^  X^   -I-— 

Af*  X^ 

is  =  —  4  .:<?"*  X.     Hence, 


18.  The   fluxion  of  a^"~'  is  =  —  y"~^  ^c", 
fluxion  of  ^"~*  is  =  —  2  x—^  x,  the  fluxion  of  a?"*^^ 
is  =  —  3  ^""^^c*,  the  fluxion  of  ;c""*  isn— 4^r~^'; 
and,  if  w  reprefents  any  negative  whole  number, 
the  fluxion  of  ^c*"  will  be=?»  x'^'^^x. 
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Rule  IV. 

I9.   To  find  the  fluxion  of  an  expreffion   com- 
pounded of  different  terms  or  quantities  connect- 
ed together  by  the  (igns  +  and  — . 
Find  the  fluxion  of  each  term  by  the  preceding 

rules ;  which  conned  together  by  the  figns  of  the 

refpedive  terms  :  and  you  will  have  the  fluxion 

required. 

Thus  the  fluxion  of  a  x-^-x  ?/ —  —  is  =  a  x^-xy 

y 


y 

y 


For,  put  a  X  -h  ^  J/  —  ~  ^  v^   then  a  x  -\' 


X  y  :=:  V  -{-    _.     Now,  {art.  12.)  it  is  evident, 

y 

that,  the  Sum  of  the  Fluxions  o{ ax  and  x  y  muft 
always  be  equal  to  the  Sum  of  the  Fluxions  of 

X 

V  and  —  5  that  Is,  a  x  +  x  y  +   x  y  —  v    + 

V  y       I-  ^   y 

— ^  :    therefore,    by  ttanfpofition,  a  x  i- 

y 

X  y  -—  X  y        .  ,       ^ 

xy  '{'  X  y  —  .-^ — r— —  =  <y  rz  the   Fluxion  of 

ax  +  X  y . 
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Rule  V. 


20.  To  find  the  Fluxion  of  any  Power  of  a  givefi 
Fluent;  whether  the  Index  be  integral  or  frac- 
tional, affirmative  or  negative. 
Multiply  the  expreffion   by  the  Index  of  the 
Power ;    then,    iubtracl    i   from  the    faid   Index, 
and    multiply    the    refuiting    exprefiion    by    the 
Fluxion  of  the   given  Fluent,  or  of  the  Root  of 
the  Power  i  and  you  will  have  the   Fluxion  re- 
quired. 

Thus,  the  fluxion  of  ^-j-^"^'  i^  —  3  X^x-{'X'^ 
y,X'\'2  xxzzx-\'x''"x3^^-^^  x^  y  the  fluxion  of 


I        .  ,_i 


=  2  ax—  x^~^  y^a  x^x  X—  (becaufe,    art,  i  j^ 


2  X 

X  ^c-  ==  ^  4-  A"^  X-^  x:=i  -rr-_-—  ;  the  Flux- 

a  +  x\ 

^ _a 

ion  of  A^  —  a\   Ms  =  —  r.  x  x  —  ^~7~'    x  x 

3 


1  X 


-.     And>  univerfally,  the  Fluxion  of 


3  X  X  —  ^)t 

^  -  Is  =:  ^i!  X   ^.-  X  ;^  =  "^   ^  ^^  A'  =  f. 
»  n  n 
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*^x ;  where,  note^  either  m  or  n,  or  both  m  and 
;;,  may  be  either  integral  or  fradional  affirmative 

or  negative  ;    and  confequently,  the  Index  _ ,  ex- 

n 

jprefles,  or  reprefents,  any  affirmative  or  negative 
whole-number  or  fradiion  whatfoever.  For,  by 
art.  16  and  18,  \^  m  reprefents  any  affirmative  or 
negative  whole-number,  the  Fluxion  of  ^'"  will 
ht  zz  m  x"""*-  x;  and,  thereforei  if  we  fuppofe 

y  z:  x„,  or,  which  i5  the  fame^  y^  zz  x  y  and  h 
to  be  any  affirmative  or  negative  whole-number 
likewife,  by  art.  12.  the  Fluxion  of  /  will  be  n: 
the  Fluxion  of  x"' ;  that  is,  n  y~'  y  =::  m  x"^"^  X  \ 
which  equation  divided  by  n  /"'   makes  y   zz 

,  that  is,  by  writing  a^  for  y  it's  value,  y 

m  x^~^  X         in       x'"~'  x       m  «-.i_2, —^ 


»  X  X' 


m—tt 


^  =  -  or  "    i  —  the  Fluxion  dix'i    and    that 
n 

either  m  or  n^  or  both  m  and  «,  may  reprcfent  any 
fradions  as  well  as  whole-numbers,  is  plain,  fmce 

^  reprefents  the  quotient  of  any  whole-number 
n 

divided  by  another,  and  may  be  taken  for  a  new 
w  or  ^  ;  and  fo  on  ad  infinitum :  therefore,  uni- 
verfally,  &c. 


c  2, 


20  yin  Introduction  to  the 

Rule  VI. 
21.  To  find  the  Fluxion  of  a  Logarithm. 

The  Fluxion  of  the  Hyperbolic  Logarithm  of 
any  quantity,  is  eqnal  to  the  Fluxion  of  that 
quantity,  divided  by  the  quantity  itfelf. 

Thus,  the  Fluxion  of  the  Hyp.  Log  or  ^  is  rr: 

^.   (SeeP^r/3.  ^lefi.  8,) 

Now,  as  the  Hyp.  Log.  of  10  [viz.  2.30258  &c. 
See  Part  3.  ^ieji,  9.)  is  to  the  Common  Log.  of 
io  {viz,  I.)  fo  is  the  Hyp.  Log.  of  any  number, 
A%  to  the  Common  Log.  of  the  fame  number,  x; 
that  is,  if  we  put  L  z:  2.30258, 6^r.  as  L:i ::  Hyp, 
Log.  of  x:  Common  Log  of  x.  Therefore,  {art. 
12.)  L:i::  Fluxion  of  the  Hyp.  Log.  oi  xi 
Fluxion  of  the  Common  Log,  of  x. 

Hence,    L  :  i : :  ^:  _^  ~  the  Fluxion  of  the 

X     lux 

Common  Log.  of  ;<;;  or,  becaufe  — '  =0.43429 
Sif^.  if  we  put  i-  ==:  M;  then  the  Fluxion  of  the 

JLi 

Common  Log.  of  x  {viz,  — )  will  be  =  —    X 

L.v  X 

M  ;  that  is,  the  Fluxion  of  the  Hyp.  Log.  of  any 
number  multiplied  by  (M  or)  0.43429  i^c.  is 
=  the  Fluxion  of  the  Common  Log.  of  the  faid 
Ivl  umber. 
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Scholium. 

22.  Though  hitherto  we  have  fuppofed  when 
one  variable  quantity  in  a  Fkiential*  Expreflion 
increafes,  that  the  others,  if  any,  increafc  like- 
wife:  yet,  it  often  happens,  that  feme  of  them 
decre^ie  while  the  others  increafe  ;  in  which  cafe, 
the  Fkixions  of  the  decreafing  are  negative  with 
refpedt  to  thofe  of  the  increafing  quantities :  and 
therefore,  the  figns  of  the  terms  affeded  with 
them  ought  to  be  changed. 

Thus,  if  whilft  x  increafes  y  decreafes,  the 
Fluxion  of  the  redlangle  x  y  will  be  exprefled  by 
X  y  — X  y. 

For,  let  the  flowing  or  variable  re(5langle  A  B  i^i^ 
be  continually  increafing  by  the  parallel  motion  of  g^' 
the  variable  line  CB  moving  from  the  fituation 
AF  along  the  line  AE ;  and  be  continually  dimi- 
nifhing  by  the  motion  of  the  variable  line  DB, 
parallel  to  the  line  AE,  and  approaching  towards 
it  along  the  line  FA ;  that  is,  let  the  fide  AC  rr 
DB  continually  increafe  whilft  the  (ide  AD  n:  CB 
continually  decreafes.  Now,  putting  AC  =  A', 
and  AD  n  y,  it  follows  from  art,  15.  dem,  1°.  . 
that  the  fluxion  of  the  increafe  will  be  =^j/, 
and  that  the  fluxion  of  the  decreafe  will  be  =: 
X y  :  therefore,  the  fluxion  of  the  decreafe  fub- 
traded  from  the  fluxion  of  the  increafe,  leaves 
the  fluxion  of  the  redangle  x  y  or  the  velocity 
with  which  it  flows  r=zz  x  y  —-  x y^ 

If  what  has  been  faid  be  well  underftood,  it  is 
hoped,  the  Learner  will  meet  with  few  difficulties 
in  the  application  thereof,  to  which  we  now 
proceed. 

*  By  a  fluential  expression  is  meant^  that  which  contains 
one,  two^  or  more  variable  quantities. 

c  3 
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CHAPTER  III. 

Of  drawing  Tangents  to  Curves. 

23.  A    Tangent  is  a  right  line  which  coincides 

with  a  curve  in  a  point,  and  there   (hews  its   di- 

redtion,  that  is,  the  inclination  it  bears  to  the  axis 

or  the  angle  it  makes  with  the  Ordinate. 

Tig.       Thus,  if  the  right  line  TB  coincides  with  the 

9.  curve  AY  at  any  point  B,  the  faid  line  is  a  tangent 

10,  to  it  at  that  point:  and,  becaufe  no  two  lines  can 
coincide  unlefs  they  have  the  fame  direction,  there- 
fore, the  dire(^ion  of  the  tangent  is  properly  the 
diredion  of  the  curve  at  the  point  of  contact. 

N0W5  in  general,  what  is  rcquifite  in  order  to 
draw  the  tangent  to  any  point  B>  is  to  find  the 
right  line  CT,  called  the  fubtangent ;  or,  the 
diftance  of  the  point  T  from  the  ordinate  CB 
through  which  the  tangen:  muft  pafs.  And  to 
effed:  this, 

24.  Let  chht  fuppofed  parallel  to  the  ordinate 
CB,  and  B»  equal  and  parallel  to  Cr;  then,  if 
the  line  cb  ht  removed  towards  CB,  in  a  parallel 
motion,  until  it  coincides  with  it ;  the  moment 
before  its  coincidence,  the  triangle  'Rnb  will  be  in 
its  evanefcent  state ;  or,  which  is  the  fame  thing, 
if  the  faid  two  lines  be  feparated  from  their  coin- 
cidence, the  very  firft  mom.ent  of  their  feparation 
produces  the  faid  triangle  in  its  nafcent  ftate ;  and 
in  that  moment,  the  line  n  by  terminated  by  the 
line  B  w  at  one  end  and  by  the  curve  at  the  other, 
comes  indefinitely  near  to  touch  the  tangent  TB 
produced  :  confequently  the  triangles  Z?;zB  and 
BCT  come  then  indefinitely  near  to  fimilarity, 
^nd  may  be  confidered  as  fimilar :  wherefore,  by 
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4  E.  6.  hn  :  «B  : :  BC  :  CT  ;  that  is,  ( putting  the 
abfcifs  AC  =  x,  the  ordinate  CB  =  ?/,  Cc  =  B?i> 

=  /,  and  hn  =  /,)  y  \x  \\y\  -JL'zi  CT ;    or, 

Or,  fuppofe  the  indefinite  right  line  AZ  to 
move  with  a  parallel  and  uniforni  motion  along 
the  axis  AX  ;  and,  at  the  fame  time,  a  point  to 
move  from  A  along  the  faid  lineAZwith  fuch  velo- 
city as  always  to  be  in  the  curve  AY:  then,  when 
the  line  AZ  comes  to  the  fituation  CB,  if  the 
point  moving  along  thereon  were  to  continue  on 
with  an  uniform  motion,  and  the  fame  degree  of 
velocity  with  which  ic  arrives  at  B,  it  is  evident  it 
would  move  along  the  tangent  TB  produced ;  and 
therefore,  when  the  point  A  or  C  arrives  at  f,  the 
point  moving  along  the  line  AZ  would  arrive  dc 
m :  and,  bccaufe  velocity  is  always  as  the  fpace 
uniformly  defcribed  in  a  given  time,  therefore  Cc 
or  Bw  will  be  as  the  velocity  with  which  the  point 
A  moves  along  the  axis,  nm  as  the  velocity  with 
which  the  point  moves  from  B  along  the  line  AZ, 
and  Bw  as  the  velocity  with  which  the  point  de- 
fc^ibes  the  curve  at  B  or  moves  from  B  to  »? ;  that 
is,  C^  or  B«  will  be  as  the  fluxion  of  the.  a'oicils 
AC,  nm  as  the  fluxion  of  the  ordinate  CB,  and 
Bw  as  the  fluxion  of  the  curve  at  the  point  B:  but 
the  triangles  m  n  B  and  BCT  are  fimilar ;  there- 
fore, by  4  E.  6  ?nn  :  wB  : :  BC  :  CT  ;  that  is,  the 
fluxion  of  the  ordmate  :  the  fluxion  of  the  ab- 
fcifs  ;  :  the  ordinate  :  the  fubtangenti  or,   putting 

C4 


2"^  An  Introduction  to  tho- 

the  abfcifs  AC  cr  x,  and  the  ordinate  CB  =;  y^ 


X 


y\X\\y\^  =  CT ;  as  before. 

y  ' 

25»  Now,  "-Ji  is  a  general  exprefFion  for  thet 

y 

fubtangent  of  every  curve  whofe  abfcifs  is  x  and 
ordinate  y ;  but,  as  it  is  embarralTed  with  the 
fluxions  of  X  and  y,  fo  the  whole  bufinefs  is  to 
exterminate  theui :  and  to  do  ihis,  put  the  equa- 
tion of  the  curve  into  fluxions ;  from  which,  or 
from  other  propcities  of  the  curve,  find  the  value 
of  X  in  terms  that  are  all  affefted  with  j),  or,  of  j/ 
in  terms  that  are  all  affeded  with  x  ;  then,  if  for 
X  or  y  we  fubftitute  its  value  thus  found,  in  this 

X  II 

general  expreffion,  viz.  ^-  we  fliall  have  the  fub-» 

y 

tangent  CT  in  known  terms,  or  free  from  fluxions ; 
by  which  the  fought  tangent  TB,  to  a  given  point 
in  the  curve,  may  be  eafily  drawn. 

26.  Note,  When  the  fluxions  of  x  and  ?/,  or 
of  the  abfcifs  and  ordinate,  are  negative  to  each 
other,  that  is,  when  x  increafes  if  y  decreafes;  or 

X  XI 

vice  versa  *y  then  the  general  expreflion  (-—)  for 

X  V 

the  fubtangent  will  be r^ ;  wherein  the  nega- 

tive  fign  only  fignifies,  that  the  fubtangent  lies  on 
the  other  fide  of  the  ordinate  with  regard  to  the 
abfcifs  X,  But  in  finding  the  fluxion  of  the  equa- 
tion of  the  curve,  the  fluxions  of  x  and  7/  muft 
not  be  confidered  as  negative  to  each  other,  if  you 
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would  have  the  fought  expreffion  for  the  fubtan- 
gent  come  out  affirmative. 

Example  I. 
27.  To  draw  a  Tangent  to  a  Circle*.  Fig. 

Put  the  radius  15  A  or  ED  =  a,  abfcifs  AC  =  x, 
and  ordinate  CB  =  y\  then,  CD  ~  2  «  —  x. 
Now,  by  35  E.  3.  Ac  X  CD  IT  CB%  that  is, 
2  a;^  —  AT^  ~  y2 .  and  this  equation  put  into  flux- 
ions \s  2.  ax  —  2  .r^c*  =  2  yy  ;  which  divided  by 

2  a  —  2  x^  makes  x  z=  -11—. ;   which  fubftitutcd 

a — X 

for  X  in  the  general  exprefllon  for  the  fubtangent, 

X  If 

(viz.  "■—,  An,  25.)  makes  the  fubtangent  CT  zz 
— ^^ —  (which,  by  writing  1  ax  —  x"^  for  its  above 


value,  viz,  y\  is)  =  '^  ^^  —  ^  =  ^.    Where- 

a  —  X  EC 

fore,  if  the  diftance  fignified  by  this  expreffioa 
be  {ex.  off  from  the  point  C,  in  the  diameter  DA 
produced,  we  fliall  have  the  point  T,  through 
which  the  tangent  to  the  point  B  muft  pafs. 

Construction, 

Through  the  point  B  defcribe  the  femicircle 
EBT  :  then  will  T  be  the  point  from   which  the 

*  By  the  word  circle,  is  generally  meant  the  space  bounded 
by  a  curve  every-where  equidistant  from  a  fixed  point ;  but 
sometimes  the  curve  itself.  (See  Sir  Isaac  Newtoiis  Arith' 
metica  Universalis.) 
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the  tangent  to  the  point, B  is  to  be  drawn.  For, 
by  31  E.  3.  the  angle  EBI'  wiii  be  right;  and 
therefore,  by  8  E.  6  the  triangles  ECB  and  3CT 
will  be  similar,  and  by  4  E.  6.  EC  :  CB  ; ;  BC  : 

CT:  vCT~~- 

»  Example  1L 

7?i>  28.   To  draw  a  Tangent  to  a  Parabola, 

SupfXDfe  F  to  be  the  focus ;  and  PR  the  pa* 
rameter,  which  put  rr  ^ ;  also,  put  the  abfcifs 
AC  =  Xy  and  ordinate  CB  -ny.  Now,  by  a  well 
known  property  of  the  curve,  PR  x  AC  ;:::=  CB^ 
that  is,  ax-=^f  \  the  Fluxion  of  which   equation 

is  ax-==.^yy\  therefore,  x  —  -^^;  which  fubflitut- 

ed  for  -^j  makes  the  general  expression  for  the  fub- 

tangent  GT  ivh.  %  art.  25.)  =  —  =  (by  fubfli- 
^  y  <? 

*2  ci  X 

tuting  ax  for/  its  value,) •=  2  a%  So  that,  the 

Subtangent  CT  is  double  the  abfcifs  AC  ;   and 
confequently,  AT  is  =  AC. 

Example    III, 
pl^^  29.  To  draw  a  Ta?igent  to  an  EUlpfis. 

^^*  Put  the  tranverfe  diameter  AD  —  ^,  conjugate 

NO  =z  ^5  abfcifs    AC=z:;^,  and  ordinate  CB=j- 
Now,  by  a  well  known  property  of  the  curve,^ 
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AD' :  NO'  :  :  ACxCD  :  CB" ;  that  is,  a" :  P :  t 

7  2  ^ 

xxa — ;v:—  xax-x'==f'^  the  Fluxion  of  which 
equation  ^s^x  ax—iXx^^yy-ySind  this  divided  by-, 

X  a-2x,  gives  ^,=  —-^-^i  vvhich  substituted 
ai?  — 2o  X 

for  X  in  4^  (the  general  expression  for  ike  Subtan- 

gent,   art;  25O     makes    the   Subtangent   CT  = 

2a^y^  h^ - 

ab^^^h^'x-^^^  vvriting-^  x^x— ^'for/its  equal), 

^,^lj^lll±^ll^ll_.      Whence     we 

may  obferve,    that,     AT    is     ( =«  CT — CA  iz 

9^  ax — ^  x^        ^'        ax  ,    ^        .    r.i     c   u 
^>__, __.  that  part  of  the  Sub- 

a — 2x  ^      a — 2x 

tangent  which  falls  without  the  curve. 


Conjlruction. 

Make  C'i;=CA;  erect  the  perpendicular  Ar, 
terminated  by  a  right  Hne  drawn  from  E  through 
n; ;  laftly,  make  AT=Ar :  then  will  T  be  the 
point  from  which  the  Tangent  to  the  Point  B  muft 
be  drawn.     For,  by  4  E.  6.  EC  \  Cv  :  :  EA  :  Ar, 

that  Is.  ~  a — a;  :x::~a : — -— =AT, 

'2  2  a  —  2X 


Example  IV, 
30.  To  draw  a  tangent  to  an  Hyperbola. 

Put  the  tranfverfe  diameter  DA  =  a^  conjugate  14. 
^O  =  b^  abfcifs  AC  =*  x^  and  ordinate  d  ^^y. 


28  ^«  Intro  diiclion  to  the 

Now,  by  a  well  known  property  of  the  curve 
DA'  :  NO'  :  :  DC  x  AC  :  CB%  that  is,  a^  :  P  : ; 

P       , 

a-\-x:/,x'.  -^  X  <^^ -V ^' =  y 'y  and,  by  putting  both 

fides  of  this  equation  of  the  curve  into  Fluxions,  we 

fliall  have— ^  x^;i  +  2A';;=2)/>';  therefore,   by  divi- 

fion,  i==  -f^-  'vr  i  which  multiplied  by  v,  or, 

which  is  the  fame,  fubdituted  for  i  in  —^  the  ge- 
neral expreffion  for  the  Subtangent,  ^r/.  25)  makes 
the  Subtangent  CT=r  — Z^J. (which,      by 

writing   tor  y*  its    equal -^  x  ax -t  ^,    is}    = 

^±1^-  So  that,  AT,  that  Part  of  the  Sub- 
a  ■{•   IX 

tangent  without  the  curve,   is=  ^l^^ — ^--^  x=:=^ 
^  a  +  2.T 

ax 


a-^2x 

Conjlruction. 

Make  C'i;=C A ;  erect  the  perpendicular  Ar, 
terminated  by  the  right  line  E'y;  laftly,  make  AT 
=Ar:  then  will  T  be  the  point  from  which  the 
Tangent  to  the  point  B  muft  be  drawn.  For,  by 
4E.  6.EC:  Qv:-,  EA:  Ar,  thati5,|-^  +  ^  :;^:  •  \a\ 

~^=AT. 
a-{-2x 
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Scholium. 

31.  From  the  three  foregoing  Examples,  it  may  be 
oblerved,  that,  in  the  Parabola  (fig,  i2)  the  inter- 
nal part  of  the  Subtangent,  viz,  the  abfcifs  AC,  is 
always  eciual  to  the  exLernal  part  AT :  In  the  El- 
lipfis  (fig,  13.^  the  internal  parr  AC  is  always  lefs 
than  the  external  part  AT.  And,  that,  in  the 
Hyperbola  (fig,  iA.,)  the  internal  part  AC  is  always 
greater  than  the  external  part  AT. 

■  Example    V. 

32.  To  draw  a  I'angsni  to  an  Hyperbola  between  its  Fig. 
Afymptotes ;  that  is,  taking  one  of  its  Afymp-  i^. 
totes  for  an  Axis. 

Let  EZ  and  ET  be  the  afymptotes  of  the  hy- 
perbola YAB,  vvhofe  vertex  is  A  j  draw  AP  and 
BC  parallel  to  the  afymptote  EZ  ;  then  will  AP  be 
the  parameter  and  equal  to  PE,  which  put=^; 
EC  an  abfcifs,  which  put  =0? ;  and  CB  an  ordi- 
nate, which  put  =j.  Now,  becaufc  when  ^  in- 
creafes  y  decreafes ;  therefore  i  and  j/ are  negative 
to  each  other,  and  the  general  expreffion  for  the 

Subtangent  is —  \  where  the  negative  fign  (hews 

y. 

that,  the  point  T  lies  on  the  other  fide  of  the  or- 
dinate CB  with  regard  to  E,  (art,  26.),  By  the  well 
known  property  of  the  curve,  EC :  EP : :  PA  :  CB, 

that  is,  a::^  : :  ^  i;' ;  ,\  x  = — ',   the   Fluxion  of 

which  equation  is  ^= r-  5  and   this  value  of  ;b  ' 

being  fubftituted  for  it  in  the  above  general  elx- 


^o  ^n  Introdtiction  to  ihi 

preflion  for  the  Subtangent,  viz^ — %i  makes  the 
Subtangent  CT=  ^=— =(by  writing  xy  for 
its  equal  ^\)  ^  =  .v.   So  that,  CT  must  be=CE. 

y 

Example  VI* 
jF/>.     33'  To  draw  a  Tangent  to  the  Conchoid  of  iViV^?- 


16* 


'//Z 


(f^^j  *, 


Let  fill  the  perpendicular  BH  on  the  afymptote 
EZ,  -:nd  draw  BC  (tqiial  and  parallel  to  HE; 
PutPE=-^,   EA=i-=FB,  EC==.v=HB,andCB 

==>=EH.     Now,  by  47  E.  i.  FB— BHf  ==HF, 

that  is,  F^^^?1^==HF;  and  becaufe  the  triangles 
PCB  and  BHF  are  funilar,  by  4.  E.  6.  BH  ;  HF  : : 

PC  :  CB,   that   is,   x  1  ¥^f  :  :  ai-x-.y^  ^.' y= 

a  -^  X    — s  1 

— — xb^  —  x-}'^;    which  is  the   equation   of  the 


curve;  the   Fluxion  of  which  is j/=-I — L_ — Ix 

XX            a-^-x      ^ab'x—x^x        ,  .  ,  r  ^  n- 
■-— ---T^X zz ^,;  which fubftituted 

*  This  Curve  is  thus  generated  : — From  a  fixed  Point  P, 
which  is  called  the  Pole  ol  the  Conchoid,  let  a  number  of  right 
lines  PA,  PB,  PD,  &c.  be  drawn,  cutting  the  right  line  EZ, 
which  is  an  asymptote  to  the  Curve ;  and  let  the  distances  EA, 
FB.  GD,  &c.  be  made  equal  to  each  other,  and  a  line  be  drawn 
through  the  points  A,  B,  D,  &c.  then  will  this  line  be  a  curve, 
called  by  itji  inventor  Nicomedes,  a  ConchoU^ 


Doctrine  of  Flumns.  ^i 

X  V 

V,  in '  the  general  expreflion for  the  Sabtangent 

y 

v/hen  i  and  JK  are  negative  to  each  other,  (art,  26.; 

makes  the  Subtangent  CT=-^  ab^^x^      (which, 
by  fubdituting  for  y  its  equal  in  the  above  equa- 


tion of  the  curve,  is); 


Confiriidiign* 

Make  B/Z—PC,  draw  »r  parallel  to  CP^  make 
Fi;=72r,  draw  the  right  line  i;C,  parallel  to  which 
draw  B  i^:  then  will  BT  be  a  Tangent  to  the  point 
B.    For,    by  4  E.  6.  PC  :  CB  :  :  PE  :  EF,  that  is 

a^-xxy,  ;^:-^-==EF5  and  BC  :  CP  :  :  Y^nxnr, 

that  is,  jy  :  ^  +;c" :  :  ^+^  :  ^--  ==;zr=  Ft; ;     •.•    Et; 

J' 

=(EF  +  F-z;==)  -^.  .  ^'.    Again  v\L  :  EC  :  : 
a-^x'^    y 

BC  :  CT,  that  is,  J^+eli' '  :  or :  :  y  ;  -^/^^^ 
=CT.  But,  by  the  equation  of  the  curve,  f^:^ 
^5  X  h'—x' ;  which fubftituted  for/  makes  CT 

^^a-\-xxh'X'-x\ 
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Example     VII. 
^^g'       34.  To  draw  a  tangent  to  the  Cijfoid  of  Diodes  ** 

Let  ABD  be  the  Ciflbid,  whofe  generating  fe- 
micircle  is  AFE,  and  afymptote  EZ  an  indefinite 
right  hoc  perpendicular  to  the  diameter  AE.  Put 
the  diameter  AIL  — a,  abfcifs  AC  ~  x,  ordinate  CB 
—y.  Now,  becaiifc  by  the  generation  of  the  curve, 
the  arches  E^  and  Ad  are  equal,  tlietefore  bb=-.  ^C, 
and  /^E  =  CA;  and,  becaufe  the  triangles  bhA  and 
BCA  are  ahke,  therefore,  by  4E.  6. Ah  :  bb  : :  AC  : 
CB;  but,  by  1 3  E.  6.  Ah  :  hb  :  :  bb  :  bE ;  v  bb  :bE 
:  :  AC  :  CB  ;  that  is,  dC  :  CA  : :  AClCB ;  or  (be- 
caufe CE:=a — X,  and  by  35  E.3,C^::i:ACxGE\^ 


ax — a'I  ^  ;  the  fquare  of  which  equation  divided 
by  -x,  is  x^  zzay" — xf\  which  is  the  equation  of  the 
curve;  and  the  Fluxion  of  this  equation  is  3^^;^— 
2ayy^xy'' — 2xyy-^  therefore,  by    tranfpoficion  and 

divifion,  i^rr:^  ^  7 — K^9  which  fubftituted  for  i, 
3^H/ 

makes  the  Subtangent  CT  (  =:  I,    art,     25.  )  ::r: 

*  This  Curve  is  thus  generated  ; — In  the  semicircle  AFE, 
make  any  two  arches  Ea  and  Ac,  or  Eh  and  Ad,  equal  to  one 
another}  and  through  the  points  a,  b,  d,  c,  let  right  lines  be 
drawn  perpendicular  to  the  diameter  AE,  and  transverse  lines 
from  the  point  A;  then,  from  A,  through  the  points  of  inter- 
section 0  BD,  &c.  draw  a  line  A  0  B  D,  &c.  and  it  wiU[ 
be  a  Curve,  called  by  its  inventor  Diodes  a  Cissoid» 


Soclrine  of  Fluxions. 


^ 


- — ,  ,    ,   -  -^  Cby  writing;   for  y*  its  equal 0 

2  ax  —  2 1^* 

• .     V/hence  we  may  obferve,  that,  AT, 

the  Difference  between  the  abfcifs  AC  and  iubtan- 

gent  TC,  is-  -?^. 


Conftrudion. 

Bife^l  the  radius  ^E  in  ^,  and  the  abfcifs  AC 
in/;  draw  the  perpendicular  Ar  equal  to  fg'^ 
make  rn  =  A/;  and  on  the  point  n  ere6t  the  per- 
pendicular 7iVi  terminated  by  the  right  hne  er ; 
laftly,  draw  vT  equal  and  parallel  to  «A :  then 
will  T  be  the  point  from  which  the  Tangent  to 
the  point  B  muft  be  drawn.  For,  rn  =  -4/"=  ^Xy 
and  rA  ~  A^ —  Kf  ^  \a  —  \x%  and  by  4  E.  6. 
rA  \  Ke  wrn-.  nv  or  AT  ;  that  is,  |  ^  —  ^xi  ^a 

i_  .      ax 

Q^a  —  2X 


^x  :  ^1—  =  AT. 


Example  VIII. 
35.  To  draw  a  Tangent  to  the  Cycloid^,         Fig^ 

Put  OA  the  radius  of  the  generating  circle  r: 
^,  abfcifs  AC  =  x^  ordinate  CB  =  y^  CG  =  s^ 

*  This  curve  is  thus  generated  ; — Let  a  circle  roll  along 
upon  a  right  line  until  it  performs  one  revolution,  that  is,  until 
it  measures  out  a  right  line  equal  to  its  circumference  j  then, 
that  point  in  the  circle  which  first  tcuched  the  right  line  will 
describe  the  curve  called  a  Cycloid ;  which  curve,  it  is  sup- 
posed, was  first  invented  by  Cardmal  Cusanus ;  whose  works, 
in  which  this  figure  is  found,  were  transcribed  by  J*  Scoblant,  i« 
the  year  1451. 
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and  the  arch  AG  =  z.  Now,  by  the  nature  of 
the  curve,  CB  =  CG  +  arch  GA  ;  that  is,  y  = 
s-^%  ;  (for,  when  the  femicircle  AGF,  generating 
the  femicycloid  ABD,  is  in  the  pofition  BRK,  th^ 
arch  BR  or  G¥  muft  evidently  be  equal  to  RDsf 
and  the  arch  RK  or  BM  or  GA  be  equal  to  RF 
or  /C  5  but  CG  is  =  /B,  and  therefore  Ct  =GB: 
confequently,  arch  GA  =  GB ;  and  therefore,  &c.) 
and  the  Fluxion  of  this  equation  of  the  curve  is 
jzzi+i;.  Let  r^  be  fuppofed  indefinitely  near 
and  parallel  to  CG,  and  Gn  equal  and  parallel  to 
Cci  that  is,  let  let  G^  =  %',  gn  =  /,  and  nG  =:  Cc 
=  X  :  then,  fuppoling  Gg  to  be  a  little  right  line 
perpendicular  to  the  radius  GO,  the  angles  ^G» 
and  OGC  vvill  be  equal ;  for,  if  to  either  of  them 
the  angle  OGn  be  added,  the  fum  will  be  a  right 
angle ;  and  therefore,  the  right  angled  triangles 
gnG  and  OCG  are  alike:  confequently,  by  4  E.  6. 
gn  inG  ::  OC  :  CG  ,-  that  is,  /  :  /  ::  a^x :  s-,  v 

/  ~ x^,  or  (art,  7.)  's::z  - — ^5  and,  gQ  I  Gn 

::  OG  :  GC ;   that  is,  z^ :  x^ ::  a  I  s ;    v  z^  =z 

—^j  or,  i  =  —  i.     Now,  by  fubftituting i  for 

s,  and  -X  for  i,  in  the  above  Fluxion  of  the  equa- 
tion  of  the  curve,   we   hav^   Vzz ArH--i= 

ViLZfx'y  and  this  fubflituted  for  j),  makes  the  SuW 


tangeRt  CT  (-  -.  art,  25.)  =  ^^, 


I 
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ConJlni5fwt, 

Draw  the  chord  or  right  line  AG,  and  parallel 
to  it  draw  TB :  then  will  TB  be  a  Tangent  to  the 
curve  at  the  point  B.  For,  the  triangles  FCG  and 
BCT  are  fimilar ;  therefore,  by  4  E.  6.  FC  :  CG 

::  BC  :  CT,  that  is,  la—x  isiiyl  -^-:=CT 

Or, 

Draw  the  right  line  EG  perpendicular  to  the 
radius  GO  and  equal  to  GB  ;  and  through  the 
point  E  draw  the  right  line  TB :  then  will  the 
faid  line  TB  be  a  Tangent  to  the  curve  at  the 
point  B.  For,  let  gl^  be  fuppofed  indefinitely 
near  and  parallel  to  GB  5  then,  becaufe  the  arch 
AG  zn  GB  =  ^v,  and  the  arch  AG+G^  =:  ^'y-f- 
i}b ;  therefore   G^   or  Bv=:vb;  confequently,  if 

j  we  fuppofe  Gg  to  be  a  little  right  line  perpendi- 
cular  to  the  radius  OG  or  coinciding  with   the 

i  right  line  EG  produced,  and  B^  to.be  a  little  righc 
line  parallel  to  it,   and  alfo  B^  to  be  a  little  right 

I  line  coinciding  with  a  Tangent  to  the  curve  at  the 
point  B,  the  triangles  bvB  and  BGE  will  be  fimi- 
lar:  therefore,  &c. 

Example  IX. 

g6.   To  draw  a  Tangenf  to  the  Curve  AB,  vwhofe^r/g,^ 
Equation  (putting  GC  =  x^  CB=^,  and  a  =  in 
a  given  quantity  morg  than  i,)  is  «*  =j. 

Put  A —  the  Hyperbolic  Logarithm  of  ^,  and 
y  ;=  the  Hyperbolic  Logarith  of  y ;  then,  by  tlie 

D  2 
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nature  of  Logarithms,   ;vA.  —  Y;  the   Fluxion 
which   equation  is   iAii:Yr-(by  art,    2i.)i-; 

which  divided  by  A,  makes  .r—  i^  ;  and  this  fub- 

Ay 

flituted  for  .v  makes   the  Subtangent  CT  (  =  :2!' 

y 


20 


art.    %s.)  =  ^z=z-r.    Whence   we  may  obfervc 

Ay        ■A  •'  y 

that,  the  Subtangent  being  an  invariable  quan- 
tity, the  Curve  AB  is  the  Logarithmic  Curve, 
whofe  Afymptote  is  GF  *. 

37.  Hitherto  we  have  treated  only  of  Curves 
referred  to  an  axis;  or,  of  thole  whofe  ordinates 
arc  parallel  to  one  another ;  We  fliall  therefore 
now  proceed  to  the  drawing  of  Tangents  to  Spirals; 
or^  to  thofe  Curves  whofe  ordinates  iliuc  from  one 
and  the  fame  fixed  Point :  Where  note,  the 
ordinate  and  fubtangent  are  always  perpendicular 
to  each  other. 
■p-^  38.  Suppose  CZ' indefinitely  near  to  CB  ;  that 

is,  let  the  Z.  BC^  be  fuppoled  indefinitely  fmall ; 
and  with  the  ordinate  CB,  as  a  radius,  let  the 
indefinitely  fmall  arch  B»  be  defcribed;  which 
beinjj;  confidered  as  a  little  rightline  perpendicular 
to  Ci,  and  the  indefinitely  fmall  part  of  the  curve 
B^  as  coinciding  with  a  Tangent  to  it  at  the  point 
B;  then,  becaule  the  JL  BC^  is  indefinitely  fmall, 

*  This  Curve  is  thus  generated: — In  the  indefinite  right 
line  GF,  make  GK  —  KC  nCF,  S:c.  and  the  perpendiculars 
GA,  KI,  CB,  FD,  &:c.  in  geometrical  proportion  continued  : 
then  a  curve  drawn  through  the  points  A,  I^B,  D,  &c.  will  be 
the  Logarithmic  Curve  j  which  is  so  called,  because  the  dis- 
tances GK,  GC,  GF,  &c.  being  in  arithmetical  progressiou, 
are  as  the  Logarithms  of  tlie  ordinates  KI,  CJB,  FD;,  &c. 
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the  As  hri^  and  BCT  will  be  indefinitely  near  to 
iimilarityi  that  is,  in  the  very  firli  moment  of  the 
exiftence  of  the  A^^B,  the  faid  A  may  be  con- 
fideredas  fimilar  to  tlie  A  BCT  ;  thereforCj  if  vve 
put  the  ordinate  CB  —  ^,  B/7  ^-  /,  and  nhz:zy\  by 
4E.  6.  we   Ihall  have  /  \  x^  '>'-  y '-  CT  ;    that  is, 

{art.  7.)  y  :  i  ::y  :  CT;  V  CT  =~^ ;  which  is 

the  fame  General  Expreflion  for  the  Subtangent  as 
that  before  found  for  curves  referred  to  an  Axis, 
arL  25, 

Or,  Let  the  indefinite  right  line  CZ  turn  like 
the  radius  of  a  circle,  round  the  dKcdi  point  or 
ceitre  C  with  an  uniform  motion  ;  and,  at  the 
fame  time,  let  a  point  moving  along  thereon,  ge- 
nerate, or  move  with  fuch  degrees  of  velocity  as 
always  to  be  in  the  Carve  CBY,  to  vvhich  fuppofe 
the  right  line  TG  a  Tangent  at  the  point  B;  alfo, 
let  Bm  be  a  Tangent  to  the  circular  arch  DBn  de- 
fcribed  with  the  ordinate  CB  as  a  radius.  Now, 
when  the  point  generating  the  curve  CY  arrive^ 
at  B,  if  it  was  to  continue  on  in  the  fame  dircdlion, 
with  an  uniform  motion,  and  the  fame  degree  of 
velocity  that  it  arrives  thereat,  it  would  move  along 
the  Tangent  TB  produced,  or  right  line  BG ; 
which  right  line  would  always  be  as  the  Fluxion 
of  the  Spiral  at  the  point  B  :  So  lilcewife,  if  vve 
fuppofe  a  point  to  move  from  Bj  m  the  lame  di- 
redion,  and  with  the  fam.c  uniform  motion,  that 
the  point  generating  the  circular  arch  DB^z  arrives 
at  B,  ic  would  rnov^  along  the  Tangent  or  right 
line  B'm  perpendicular  to  the  ordinate  or  radius 
CB;  which  right  line  would  always  be  as  the 
Fluxion  of  the  laid  arch  at  the  point  B ;  And, 
P  3 
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fince  the  diredion  of  the  point  moving  from  C  to 
Z  is  always  perpendicular  to  that  of  the  point  ge- 
nerating the  circular  arch  D;?;  therefore,  when 
the  point  moving  from  B  to  G  arrives  at  G,  if  Gm 
be  parallel  to  ZC,  the  point  moving  along  Bw  will 
be  arrived  at  f»;  and  therefore,  mG  w;ll  be  as  the 
Fluxion  of  the  ordinate  at  the  point  B.  Hence, 
becaufe  the  As  Gm^l  and  BCT  are  fimilar,  by  4 
E.  6,  Gm  :  mB  ::  EC  :  CT  ;  that  is,  the  Fluxion 
of  the  ordmatc  CB:  the  Fluxion  of  the  arch  DB 
::  the  ordinate  CB:  the  fubtangent  CT;  or,  (put- 
ting the  arch  DB  —  o?,  and  the  ordmate  CB  =^5) 

j/:i::/':^i'=CT;  as  before. 

Example   I. 

'F^'g»        39.   To  draw  a  Tangent  to  the  Spiral  of  Ar- 
■3  U  chimides  *. 

Put  the  circumference  of  the  generating  circle 
AFArr^,  and  its  radius  CA  =  b'^  ordinate  CB=y, 
arch  ARFrzz;  and  with  the  ordinate  CB,asaradius, 
let  the  circular  arch  B«  be  defcribed>  which  put  =^. 
Now,   by  the  generation  of  the  curve,  a  :  b  Viz  17, 

*  This  Curve  is  thus  generated  : — With  the  radius  CA,  let 
the  circle  AFA  be  described  with  an  equable  motion^  or  the 
point  A  describe  equal  arches  in  equal  times  5  and,  at  the  sarae 
mortierit  of  time  that  the  point  A  begins  to  generate  the  circle, 
let  another  point  begin  to  move  along  the  said  radius  from  C 
towards  A,  and  to  pass  over  it  with  an  uniform  motion,  and 
such  velocity  that  it  may  airive  at  A  at  the  very  .same  moment 
of  time  that  the  said  radius  shall  have  described  the  circle,  or 
come  to  be  in  its  first  situation  ;  then  will  the  point  moving 
along  the  radius  CA,  generate,  or  describe,  the  curve  CBA, 
called  a  Spiral;  the  invention  qf  which  is  attribute^  io /i^chh 
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QTA'.b::  z  \y,  V  i  =  5^.     Bur,  it  is  evident,  the 

velocity  of  the  point  generating  the  circle  is  to  th« 
velocity  with  which  the  point  B  generates  the  arch 
B/z  as  CF  is  to  CB;  that  is,  %hx\\h\y\  :.  z  = 

-£.   Hence  we  have^f  -  fZ ;  therefore,  b"x  =  ayy^ 

y  y  b  J  J 

and  x=  -~9  which  fubftituted  for  i  in  the  general 
expreffion  for  the  Subtangent,  ^,  (art.  38.)  makes 

the  Subtansent  CT  —^  =  (becaufe  a:  b::  zl     , 

^  ifi  ' 

J,  or/Ty^-fe,)-^,— y 

ConftruEiim* 

With  the  ordinate  CB,  as  a  radius,  defcribe  the 
circular  arch  BD;  and  draw  the  right  line  CT 
perpendicular  to  the  radius  CF  and  equal  to  the 
arch  DB:  then  will  T  be  the  point  from  which  the 
Tangent  to  the  point  B  muft  be  drawn.  For,  the 
fedors  CERA  and  CBD  are  limilar  ;  and  confe- 
quently,  CF  :  FA  ::  CB  :  BDj  that  is,  b\%\\y\ 

BD=^-~  =  CT. 

Example    IL 

40,  To  draw  a  "Tajigmt  to  the  Logarithmic 

Spiral  *.  pi^^ 

Put  the  curve  C^B  ==  z,  and  its  correfpondent  22, 
ordinate  CB— ^.     Suppofe  the  angles   ^CB  and 

*  This  CLirve  is  ihus  generated; — In  the  circle  AFA,  whose  • 
centre  is  C,  let  any  arches  AD,  DE,  EF,  FG,  GH,  &c.  bp 
D4 
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BCh  to  be  indefinitely  fmall  and  equal;  and  with 
the  ordinate  CB,  as  a  radius,  defcribe  the  circular 
arch  B?z.  Now,  by  the  generation  of  the  curve, 
Ce:  CB  ::  CB  :  CB ;  and  therefore,  if  we  confider 
the  iittlfe  parts  of  the  curve,  ^B  and  B^,  as  inde- 
finitely litde  right  lines,  by  6  E.  6.  the  triangles 
CeB  and  CB^  will  be  fimilar,  or  the  angle  made 
by  the  curve  and  ordinate  be  always  the  fame 
Confequently,  the  increments  of  the  ordinate  and 
curve  are  always  in  an  invariable  ratio  tp  each  other, 
or  as  two  fixed  quantities  a  and  b  ;  that  is,  nb  \  Z'B 
':  a  I  b  ;  and  therefore,  if  we  fuppofe  Bn  to  be  a 
little  right  line  perpendicular  to  Cby  by  47  E.  i. 

bnlfiB::  al  b' — cr\h  ;   that  is,  ( putting    Bn  —x, 

and  nb—y\)  y'  \  x'  \\  a  \  b^^a^^  or,    (art.  7 J 

y\x\\a\  b'—d\i  ;  -:':,■=.  y  X  —^J^  ;  which 
being  fubftituted  for  i  in  the  general  expreHioa 
for  the  Subtangent,  viz.  5?,    art.  38.  makes  the 

y 

fought  Subtangent  CT  ~y  x 


made  equal  to  each  other,  j  and  the  right  lines  Qd,  Ce,  CB,  Cb, 
Ch,  &c.  in  geometrical  proportion  continued  :  then,  a  line 
drawn  through  the  points  h,  b,  B,  e,  d,  ficc.  will  he  the  curve 
called  a  Logarii/miic  Spiral;  which  name  is  given  to  it,  be- 
cause the  arches  AD,  AE,  AF,  kc.  being  in  arithmetical  pro- 
gression, arc  as  the  Logarithms  of  the  ordinates  Cd,  Ce, 
CB,  &c. 

Scholium' 
As  no  geometrical  series  can,   strictly  speaking,    terminate 
in  o  :   so  the  Spiral  Bed.  &:c.  though  it  continually  tends  to- 
wards the  centre  C,  can   never  absolutely  arrive  therer.t  j  but 
will  approach  it  within  any  distance  that  can  be  assigned. 
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SchoHun, 

We  may  obferve,  thar,  (becaufe    by  47  E.  i. 

YB^  =  BC  +   CT^  =  /    +    ^1~X-  f  = 

a 

_^,)  the  Tangent   TB  \s  :=.  y  X-^;  and  confe- 

quently,  the  Tangent  and  Subtungcnt  are  to  each 

Qthcr  as  b  to  /^'— -^l^.  Again, becaufe nb  :  b'B-.i  ai 
b,  that  is,  (art.  7 J  v  :Z'.:aib;  therefore.  Cart.  1 1,) 
y  :  z  : :  a  :  b  ;  cVy  the  ordinate  and  curve  are  always 
ifi  a  given  or  fixed  ratio  lo  each  other  j  and  there- 
fore 2  =yX— .      So     that    the   Tangent   TB 

and  Curve  C</B  arc  equal  ;  and  fine  Z.  BTC : 
radius  :  :  ^  :  ^/  or^  s,  Z.  BTC  =  a,  and  rad. 
(s.Z-BCT)  =  ^. 

Example   IH*. 

41.  To  draw  a  Tangent  to  the  Spiral  CHBLA,  Fig. 
generated  by  a  point  moving  uniformly  along    23, 
the   femicircle   CDA,  from   G  to  A,  while  the    24, 
faid    femicircle   makes   one  uniform  revolution 
round  the  point  C  as  a  center. 

Let  the  point  b  be  fuppofed  indefinitely  near  to 
B  y  and  with  the  ordinate  CB,  as  a  radius,  defcribe 
the  arch  DB;2.  Put  the  radius  of  the  generating 
femicircle,  EB,  n  a,  arch  CRB  =  Vy  arch  I3B 
■==  X,  ordinate  CB  ~^  r,  Bb  —  v',  and  bn  z=z  y\ 
Is!ow,  becaufe  the  circumferences  of  circles  arc  as 

^  Invented  Anno  1756. 
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their  radii,  by  the  generation  of  the  curve  a:  ly 

2 :  i  :  i  =  ill ;  and,  becaufe  by  20  E.  3.  L  ^EB 
a 

■zz   a   L.    BC  ^,    a:y  :  :  V  :  2  Bjf,    •.•  B  «    = 

<--;  but,  by  47  E.   i.  (fuopofing  B  ^  to  be  a 

2  a  * 

right  line,  and  B  «  a  little  right  line  perpendicular  to- 
C^.)    Bb''  —  bn"  —  nB\  that  is,  v"  — /  = 

y  '^ . ;    from   which   equation   we    have    *v'    = 

2  ay'                   .                                       2 ay 
1 ov  5  that  IS,    (^r/.  7.)  ^^  =  ==? o>i 


4«  — ;^ 


4JJK 


Hence,  ^  =  — -  ^  ^^=^       'ni  =  -=-^ ;n  i  . 

a        ^a-  — /l^        4  ^^  — ^']^  * 

which  fubftituted  for  i,  makes  i^,    the    general 

y 

expreflion  for  the  Subtangent  CT  [arU  38.)   = 


Corollary, 

Since  i  =:  1>^,  that  is, ;./  =  IHI;  and  B«  =: 
a  a 

'^~  :  therefore,  a:'  =  4  B  n. 
2a 

^  €onftru5!ion. 

Draw  the  chord  BG,  which  bifeft  in  F ;  and 
to  the  point  F  draw  the  right  line  CF;  produce 
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the  chord  or  ordinate  CB  to  I,  making  IB  =  BC  ; 
alfo,  draw  the  right  line  IT,  making  the  angle 
CIT  ■::-  the  angle  CFB  :  then  will  T  be  the  point 
from  which  the  Tangent  to  the  point  B  muft  be 
drawn.  For,  by  31  E.  3.  the  angle  CBG  is  right, 
and  therefore  the  rigtit  angled  triangles  FBC  and 
ICT  are  fimiiar  j  wherefore,  by  4  E.  6.  BF  :  BG 
:  :  IC  :  CT;  that  is,  (becaufe  by  47  E.  i.BG  iz 

G"C'^::rc"B^i  =:r?^^v^li  and  therefore    BF 


_fX_,  rz  CT. 


\,i]i 


CHAPTER  IV. 


Of  finding  the  Maxima  and  Minima,   or  Greateft 
and  Leaft  of  variable  ^tamities, 

42.  A  Maximum  is  the  greateft  magnitude  of  a 
variable  Quantity,  which  naturally  increafes  before 
it  arrives  at  that  magnitude  ;  nd  as  naturally  de- 
creaies  afterwards;  and  a  Minimum  is  the  leaft 
magnitude  of  a  variable  Qiiantity,  which  naturally 
decreaies  before  it  arrives  at  that  magnitude,  and 
afterwards  as  naturally  increaies.  Therefore,  at 
that  certain  term  where  a  Qiiantity  becomes  a 
Maximum  or  a  Mmimum,  it  can  neither  be  in- 
creafing  nor  decrealing ;  and  confequently,  its^' 
FJuxioQ  is  '--^  ,0, 
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Fig,       Thus,  in  the  triangle  AEF,  let  the  equal    and 
23.    parallel  fides  AC  and   DB    of  the  infcribed   and 
Bowing  redangle  CD    be    continually  irrcreafing, 
vhilc  .the  other  equal  and   parallel  fides   AD  and 
CB  are  continually   decreafing ;   that  is^    let   the 
faid  rcdangle  be  increafed   by   the  motion  of  the 
variable  and  decreafing  fide  CB,  and  decreafed  by 
the  motion  of  the  variable  and  increafing  fideDB. 
Then,  it  is  evident,  that,  while  the  rectangle  is 
increafing  fafter,  or  with  a  greater  degree  of  velor 
city,  by  the  motion  of  the  line  CB,  than  it  is  de- 
creafing by  the  moiion  of  the  line  DB,  it  will  be 
continually  increafing;  and  that,   when  it  is  de- 
creafing fafter,  or  with  a  greater  degree  of  velo- 
city, by  the  motion  of  the  line  DB,  than  it  is  in- 
creafing by  the  motion  of  the  line  CB,  it  will  be 
continually  decreafing:  therefore,  when  thefe  two 
degrees  of  velocity   become  equal,  the  redlangle 
will  be  a  Maximum  ;  and  be  neither  increafing 
nor  decreafing ;  or,  the  Velocity  or  Fluxion  with 
which  it  is  decreafing  fubtracted   from  the  Velo- 
city or  Fluxion  with  which  it  is  increafing,  leaves  . 
the  Velocity  or  Fluxion  with  which  it  flows  =:  o. 
And,  it  being  manifefi,  that,  when  the   redangle 
CD  becomes  a  Maximum,  the  fum  of  the  triangles 
FDB  and   BCE   will  be  a  Minimum ;  therefore, 
when  the  fum  of  the  faid  triangles  is  a  Mmimum, 
the  Fluxion  of  the  increafing  triangle  FDB  will 
be  equal  to  the  Fluxion  of  the  decreafing  triangle 
ECB;    and  therefore,  the  F'luxion   of  the    latter 
fubtraded  from  that  of  the    former,    gives    the 
Fluxion  of  the  Minimum  n:  o. 

43.  When  any  Quantity  is  a  Maximum  or  a' 
Minimum,  all   the  Afiirmative   Powers  of  it  m\\ 
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he  fo  too:  as  will  al fo  the  Sum,  Remainder,  Pio- 
du6l  orQnotienr,  arifing  from  its  being  added  to, 
fubtraded  from,  mukipiied  or  divided  by,  anv 
invariable  or  given  quantity.  But  any  Negative* 
Power  of  a  Maximum  will  be  a  Minimum ;  and 
any  Negative  Power  of  a  Minimum  will  be  a 
Maximum. 

Thus,  (i°.)  if  ^2—^  -f  _lx 
Maximum,  then   will  ax — a,'  be  alfo  a  Maxi- 
mum.    And,  (2°.)  if  ~  4-^-  +  c'+  ^      be  a 

Maximum,  then  will  1-1  -i-  a"  -^  c^  +  x"  or  1-i 

+  ^i?"^  be  a  Minimum. 
For    (i°.)    it  is  evident,  that,  the  greater  ax 

—  x^  is,  the  greater  will  be  ^  —  ^  +  ^x  ^-'^  —  ^^'i^; 

d 

and  therefore,  when  One  of  thefe  cxprefTions 
is  a  Maximum,  the  other  will  be  a  Maxi- 
mum    alfo.        And     (2^)     fince     {Art.     13.) 


^"  ^'    .     .2    ,    .-J    ,   ^    is  ~ 


X' 


it  is  plain,  that,  the  lefs  the  denominator  of  this 
fradional  exprcflion  is,  the  greater  will  be  the 
quotient  j  but  the  laid  denominator  is  evidently  the 

*  By  an  affirmative  power,   is   meant  that  whose   Index  i« 
affirmative  j  and,  by  a  negative  power,  that  whose  Index  is 
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2      "2 

the  lead  pofTible  when  ^  +  a,'"  is  a  Minimum.— 

Therefore,  &c. 

44,  When  In  the  expreffion  for  the  Fluxion  of 
a  Maximum  or  a  Minimum  there  are  two  or 
more  fluxioriary  letters,  and  each  is  contained  in 
both  affirmative  and  negative  terms  j  then,  the 
fum  of  the  terms  affeded  with  either  of  them  will 
be  =o. 

Thus,  if  the  Fluxion  of  a  Minimum  be  f  a'x — 
a:  y  4-  !^y  —  Iby  ■=:  O',  then  i  a  x  —  i  .y  —  o, 
and  xy  —  i  by  ~  o. 

For,  let  the  variable  reclangle  CD,  whofe  dia- 
gonal is  AB,  flow  in  the  triangle  EAF.  Put  FA 
=  ^,  AE  zz  h,  AC  or  DB  =:  x,  and  CB  or  AD 
n:  y.  Then  will  the  triangle  FAB  be  z=  \  a  ic^ 
the  triangle  AEB  be  =z  |  hy^  and  the  redangle  CD 
be  rr  jvj  ;  and  therefore,  the  fum  of  the  triangles 
FDB  and  BCE  will  ht  =\ax  —xy  -^  \  by; 
which,  when  the  rectangle  CD  or  x  y  is  a  Maxi- 
mum, is  evidently  a  Minimum.  Now,  it  is  plain^ 
if  a;  incrcafes^  mull  decreafe,  and  therefore,  {art, 
SL2,)  their  Fluxions  are  negative  to  each  other, 
and  the  Fluxion  of  the  faid  Minimum  is  ^ax  —  xy 
-Vxy — \by  =  o,  and  the  Fluxion  of  the  faid  Maxi- 
mum is  xy — xy  =  o,  or,  the  Fluxion  of  the  triangle 
ADB  or  ACB  is  ^  xy  —  ^xy  =  o ;  but,  the  Fluxions 
of  the  triangles  FAB  and  BAE  are  manifeftly 
equal,  fmce  one  increafes  as  fait  as  the  other  de- 
crcafes.  Hence,  therefore,  (the  Fluxion  of  the 
triangle  ACB  being  zz  o, )  the  Fluxion  of  the  tri- 
angle FAB  is  z=  the  Fluxion  of  the  triangle  ECBj 
that  is^  ^aszzxyy  {art,   15.   dcmoru    i°.)  confe- 
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qiiently,  ^ax — xy  z=  o  ;    and   therefore  ;vj/^-^~ 
^  =  o. 

45.  In  plane  Figures,  it  is,  in  effed,  the  fame 
thing  to  find  the  greatejl:  Area  that  can  be  contain- 

1  cd  under  a  given  Perimeter,  as  to  find  a  given 
\  Area  under  the  leqft  Perimeter. — It  may  alio  be 
obferved,  that,  ta  find  the  greateft  Solid  that  can 
;  be  contained  under  a  given  Surface,  is  the  fame  as 
i  to  find  a  given  Solid  under  the  lead  Surface. 

46.  Generally,  when  a  variable  quantity  admits 
of  a  Maximum,  its  Minimum  is  Nothing;  and, 
when  it  admits  of  a  Minimum,  its  Maximum  is 
Infinite, 

Example    I. 

47.  To  find  the  Point  C   in  the  given  right  linei^/f; 
AB,  where  the  reflangle  of  the  parts  AC  and  26. 
CB  is  a  Maximum^  or  greater  than  any  other 
xedangle  A;iX»B. 

Put  AB  zz  J,  and  AC  =:  x\  then  CB  z:  a^'X, 


and  therefore  the  redangle  AC  x  CB  zr  a:  x  a — x 

~  ax—i^  ~  a  Maximum.  Now,  the  Fluxion  of  a 
Maximum  being  iz:  o,  the  Fluxion  of  ax—'X^ 
muft  be  n  0  ;  that  is,  ax — 2xx  zz  o  ;  which  di- 
vided by  x,  makes  a-^zx  ~  o  ;  therefore,  a'zz  2^, 
and  X  zz\a,  Confequently,  the  redangle  of  the 
parts  AC  and  CB  is  a  Maximum,  or  the  greateft 
pofiible,  when  the  faid  parts  are  equal. 

Or,  Put  AC  =1  X,  and  CB=jy;  then  AC  X 
CB  zz  xy  -ZLZ.  Maximum.  Now,  it  is  evident, 
that,  \i  X  increafesjj'muil  decreafe  ;  and  therefore 
the  Fluxions  of  x  and  y  are  negative  to  each  others 
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sncl  confcquently,  when  xy  is  a  Maximum,  the 
Fl  jxion  ox  ic  will  be  xy — xy  =z  o:  bur,  it  is  like- 
wife  evident,  that,  the  increment  of  x  is  equal  to 
the  decrement  of  y  ;  or,  that  ihe  velocity  with 
which  X  increafes  is  equal  to  the  velocity  witli 
which  jy  decreafes ;  that  is,  '^zzy\  therefore,  by 
dividing  by.vor  y,  or  by  ftriklng  both  iandj/  out, 
in  the  above  Fluxion  of  the  Maximum  ocy^  we 
fhali  have  y — x  ~  o  j  and  therefore  x  z=  y\  as  be- 
fore. 

Cr,  In  the  variable  redangle  A^,  let  the  fide 
O,  which  is  equal  and  parallel  to  the  fide  AD, 
always  be  equal  to  CB  :  then,  while  the  re(5langle 
is  increafing  by  the  motion  of  the  decreafing  fide 
C^  moving  from  A  towards  B,  it  will  be  decreaf- 
ing by  the  motion  of  the  increafing  fide  ^D  mov- 
ing froaa  F  lowards  A.  Now,  fince  the  velocities 
of  the  points  C  and  D,  or  the  Fl  .xions  of  the 
lides  AC  and  AD,  are  always  equal,  (as  they  evi- 
dently mull  be,  becaufe  the  fum  of  thefe  fides  is 
always  the  fame  ;)  therefore,  as  long  as  the  fide 
AC  continues  lefs  than  the  fide  AD  or  C^,  the 
rectangle  will  be  continually  increafing;  and  after 
the  fide  AC  becomes  equal  to  the  fide  C^,  \X  will 
be  continually  decreafing :  therefore,  when  the 
reclangle  is  a  Maximum,  or  when  it  is  neither  in- 
creahno;  nor  decrcafine,  the  liclrs  AC  and  CZ>  are 
equal  to  each  other,  or  AC  ~  C^  ~  CB ;  as  be- 
fore. 

Or^  Defcribe  the  lemicircle  A^B,  and  let  fall 
the  perpendicular  ^C.  Now,  by  35  E.  3.  AC  x 
CB  =  C^-  j  and  therefore  AC  X  CB  is  a  Maxi- 
mum when  ZC  is  the  radius  of  the  lemicircle,  or 
when  ihe  point  C  bi feels  AB  \  as  before. 
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Example  II. 


4S.  To  find  the  point  C  in  the  given  right  line 
AB,  where  AC"  X  CB"  is  a  Maximum, 

Put  AB  =  ^,  and  AC  =:  x^  then  CB  =  ^?  —  x^ 

and  AC-  X  CB«  zn  x"^  x  a~^f  =  x^  x~^^" 
=  a  Maximum  ;  therefore,  (art.  43.)  x^  X  ^— ^ 

=  a  Maximum  ;  that  is,  (putting  ~  =  ^, )  x'  x 
n 

a — X  zz  Gx' — x'^"^  zz  a  Maximum  ;  the  Fluxion 
of  which  is  zz  o  J  that  is,  ^«?/-^v—  ,7^\x'x  =0 
Now,  by  dividing  this  equation  by  x'^^x^  we  have 
ns^.  e  -r  1  .r  =  o ;  therefore,  ae  "=:  e  -^  i  x,  and 
X  r:   fi— ;  that  is,   by  reftitution,   or  writing  ? 

for  ^, ;«;  zz a:   whence  the  point  C   is  deter- 

m-i-n 

mined. 

Or,  Put  AC  =  X,  and  CB  :=:y;  then  jv'"  x  y»  =z= 
a  Maximum  ;  the  Fluxion  of  vv'hich  is  z=  o;  that 
is,  (becaufe  when  x  increafes^  decreafes^  or  the 
Fluxions  of  x"^  and  j"  are  negative  to  each  other^ ) 
wx""~^  X  xy" — ny'~y  x  a-'"'  rz  o  :  but,  the  Fluxions 
ofo^andjf  are  evidently  equal  5  therefore,  throw 
both  X  and  y  out ;  then  it  will  be  mx'"~^  X  j)'"  — 
^^n-i  X  ^c™  zr  o.  Now,  by  dividing  this  equation  by 
^«-i  ^"-i^  \ve  have  my — nx  —  o  ;  therefore,  ??^zi 
my^  and  m\  n  ::x  ly.     So  that  the  fegments  AC 

E 
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and  CB  are  in  direct  proportion  to  the  indices  of 


Fig. 

27. 


m  ^,      m  _  _ — ~     ma-?nx 


their  powers;  and  x  —  —^  = X  ^ — a;  = 

n  n  n 

therefore,  nx  —  ma  —  mx,  and  x  i= -^  a  ;   as  be- 

m  4-  w  * 
fore. 


Example  III. 

49.  To  find  the  greateft  Cone  that  can  be  infcribcd 
in  a  given  Sphere. 

Pat  AD,  the  dianncter  of  the  Sphere,  -zz  a\ 
.78539,  &c.  (tlie  area  of  a  circle  whole  diameter 
is  1 5)  iz:  r;  and  AC,  the  akitude  of  the  cone,  —  x\ 
Chen    CD  =  ^~-:i.     Now,  by  35  E.  3.  AC  X  CD 

=  CB-^  that  is,  x  X  a-—x  =  ^^— .v*  =  CB^ ;  there- 
fore, (becaufe  the  fquare  of  the. diameter  is  4  times 
the  fquare  of  the  radius,)  by  2  E.  12.  A^ac^-^ ^^cx^ 
=  the  area  of  the  cone's  bafe  ;  which,  by  10  E, 
12,  drawn  into  \st^  is  !^ac3^ — .^^cii'  =  the  cone's  fo- 
iidity,  a  Maximum  :  therefore,  by  art,  43.  ax' — 
tc'  —  a  Maximum  ;  the  Fluxion  of  which  is  ~  o  ; 
that  is,  2axk — '}^x~x  ==  0  ;  which  divided  by  xx^ 
gives  2^—3.^  =  0;  therefore,  3ic  =  2^,  andjv  — 
\a.  So  that,  the  cone  will  be  a  Maximum,  or 
the  greateft  poffible,  when  its  altitude  is  —  two* 
thirds  of  the  fphere's  diameter. 


bcttrine  of  Fluxion^i  5^ 


Example  IV. 


5t>.  To  find  the  internal  di  men  (ions  of  a  cylin- 
drical Cnp,  whofe  capacity  is  given  iz^,  when 
the  faid  Gup  is  made  with  the  leaji  poflible 
quantity  of  Silver  of  a  given  thicknefs.  ^ 

Put  the  diameter  =  ;v,  and  .78539,  &c.  (the 
area  of  a  circle  whofe  diameter  is  i;)  n  c  ;  then, 
by  2  E.  12.  cx^  -==.  the  area  of  the    bottom,  and 

therefore  — ^zr  the  altitude  :  but,  40^  —  the  cir- 
cumference  of  the  bottom,  and  therefore  4CA:  x 
*— 0-—  — 11:  the  infide  curve  fuperficies.     Flence  ci;" 

4.t-_rithe  whole  infide  fuperficies  5  which,  be- 

X 

caufe  the  quantity  of  filver  is  the  leaft  poflible,    is 
a  Minirnum  j  and  therefore   its  Fluxion  is  =  o ; 

that  is,  2CXX —  If^  —o  5  which  multiplied  by  ;v%  is 
2ca:^^— 4^7^  =  o  ;  and   this  divided   by  2.r,  is  ca:^ 

— 2a  zz  o  :     therefore,    cx^  —  2^,    and    x  ^ -^  \ 

c  i 

=  the  diameter;  which  fubftituted  for^,  makes  the 
c  X —  ex —  5 

E  2 
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the  altitude.  So  that  the  diameter  is  to  the  altitude 
as  2  to  I. 

Or,  Put  the  diameter  =  x^  altitude  r=  y,  and 
.78539  &c.  zr  c;  then  the  whole  infide  fuperficies 
will  be  ==3  cx^  -\  ^cxy  zz  a  Minimum  ;  therefore 
(art.  43.)  a;^4-4'^jK  —  ^  Minimum;  the  Fluxion 
of  which  is  =r  o ;  that  is,  (fuppofing  x  to  increafc 
and  y  to  decreafe,  or  the  Fluxions  of  00  and  y  to 
be  negative  to  each  other,  as  they  evidently  mult 
be,)  2xx-\-^xy — i\.xy  zzo.    But,  cxy  =a,  and  con- 

fequentlyA;'^j  =  ^;  the  Fluxion  of  which  equation, 
c 

(becaufe  the  Fluxion  of  _-  is  =  o;  and  the  Fluxion 

c 

of  y  is  negative,)  is  ixxy — x'^y  —  o;  therefore  xy 
zn  2xxy;  which  equation  divided  by  x^,  makesj/  zz 

?5:?.     Hence^  this  value  of  y  being  fubftituted  for 

X 

it  in  the  above  Fluxion  of  the  Minimum,  wt  have 

2xx-{-'^xy — Sxy  =  o;  that  is,  2^x— 4Arjy  zz  o; 
which  equation  divided  by  2^*,  gives  x — zy  =  Oi 
confeqnently  a-  =  2^;  as  before. 

Example  V„ 

51.  To  find  the  internal  dimenfions  of  a  Ciftern  in 
the  form  of  a  redangular  folid,  (that  is,  whofe 
bottom  and  all  four  fides  are  redan gular,  when 
its  capacity  is  zz  a.,  and  ic  is  made  with  the 
leafl  poffible  quantity  of  Lead  of  a  given  thick- 
nefs. 

Ijg,        Put  the  infide  length  AC  or  DB  zz  x,  breadth 
28,      AD  or  CB  =:  j,  and  depth  BF  or  CE  =  2; ;  then. 
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xyz  —  a^  and  therefore,  z  =  — .    Now^  the  In  fide 

yz 

fuperficies  of  the  bottom   and   four  fides  is  ~  AC 

X  CB  +^AC  X  CE  +  2CB  x  BF  =  }cy  f  2xz  +  2yz 

=  (by  fubftituting  — for  jr,) - -f  :^  ^.  2jz ;    which 
yz  z      y 

becaufe  the  ciftern  is  made  with  the  lead  poflible 

quantity  of  lead,  is  a  Minimum;  and  therefore  its 

.                                        ah      lav 
Fhixion  is=ro;  that  is, 1 r+2)/2;  +  2y2; 

:r  o.  Now,  {art,  44.)  the  fum  of  the  terms  af- 
fedled  widi  j))  is  =  o,  and  the  fum  of  the  terms  af- 

feded  with  %  is  =  o;  that  is,  — -7-  +  2)*'2;  zz  o, 
and  — ~  4-  *-lyz  =  03  the  former  of  which  equa- 

lions  multiplied  byjy^,  gives  —  2ay  4-2;'j/z  =  o, 
and  this  divided  by  2j/,  is — ^ +y;2  =  o,  \'fz 
•==^a^=zxyZy  therefore,  y  ==  ^ :  and  the  latter  of 
the  faid  equations  multiplied  by  2%  gives  —  az-^- 
%y'£'z  =  o ;  which  divided  by  i;,  is  —  «  +  iy'2?  = 
o,  V  2y'^^  =  a  ==  xyz^  therefore,  iz  ==^.  Hence, 
X  =y  =  ^2z;  that  is,  the  length  and  breadth  will  be 
equal,  and  each  equal  to  twice  the  depth. 

Or,  The  length,  breadth,  and  depth,  being  x,  y, 
and  2;,  relpedively  ;  and  the  infide  fuperficies  = 
a:y-{-2xz-{'2yz  =  2i  Minimum,  as  before;  if  we 
fuppofe  X  andy  to  increafe,  then  z  muft  necelllirily 
decreafe ;  that  is,  the  Fluxions  of  x  d-nd  y  being 
affirmative,  the  Fluxion  of  z  will  be  negative;  and 
therefore,  the  Fluxion  of  the  Minimum  will  be  xy 
+  A^ -+•  2XZ — 2xz  +  2yz — 2yz  =  o.  But,  xyz  =  a^ 
the  Fluxion  of  which  equation,  (the  Fluxion  of  ^ 
being  ==  o,  and  the  Fluxion  of  2:  being  negative,) 

IS  xyz+xyz—xyz  =  0 ;   \'  z  =  JL Z„  ^r—  4- 

xy  X 
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the  fame  time:  but,  the  little  mangle  Bk^  is  (or 
may  be  taken  as)  fimilar  to  the  right  ar>gled  tri- 
angle CAB;  (for,  the  arcii  B;/.  Leinp-  I'^definitely 
fmall,  may  be  confidered  as  a  litrk.  .•  -r.i  ^^Ku-  ;  zi- 
pendicular  to  C^;  fo  llkewife,  the  ang!«  hL  h  '  e- 
ing  indefini^tely  little,  the  angle  Chk  or  nbl  muy 
be  confidered  as  equal  to  the  angle  CnK;  and 
therefore  the  angle  b^n  as  equal  to  the  angU;  BCA.;) 
confequently,  by  4  E.  6.  ^  :  c  ::  CB  :  BA ;  bar, 
when  the  hyporhenufe  and  perpc    Icuh  are  d  arid 

c,  the  bafe,  by  47  E.  i.  will  be  J^««."7\l.   .  itncc, 

therefore,    /  —  d^ :  (CA)  ^  ::   c  :    ->., '-^n 

a   —  c^  1? 

=:  AB  :  as  before* 


Construction. 

Through  C  draw  mv  parallel  to  AD,  making 
Cu  =  <^  4-  c.  ^nd  Cm  ="  d —  c  ;  (Jefcnbe  the  femi- 
circle  mkv;  on  the  interfering  point  ^  erect  the 
perpendicular  kr  ^=^  c  -,  and  through  r  draw  the 
right  line  CB  :  then  will  B  be  the  point  required. 

For,  by   35   E.  3.  vQ  x  Cm\i  =    Ck,  that   is, 

d'  —  d')^  =  Ck;  and,  by  4  E.  6.  Ckikr::  CA ; 

V  I  ^c 

AB,  that  is,  ^'-rU  :  c  ::  ^  ;  •-- tt  zz  A?. 
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Example  VII. 

53,  Let  the  triangle  BAD  have  one  angle  A  in  Fig. 
the  right  lint  CE  :  To  find   a  Maximum  of  the    30. 
Sjh'  of  th    ,    rpendicuiars  BC  and  DE  let  fall 
from    trie   o:her  two  angles   on   the  right  line 
aforeiaid. 

Note,  AB  zz  «,  AD  =  b,  and  the  Z.  BAD  = 
90<>. 

Put   AC   =  or;    then,   by   47   E.   i.  CB   = 


BA'^— AC-l2  =  ^''  — ;c-^/i  Now,  becaufe  the 
Z_  BAD  is  right,  the  z.  DAE  is  the  complement 
of  the  Z.  BAC,  and  is  therefore  =  Z_  ABC;  con- 
fequenrly  the  triangles  BAC  and  ADEare  limilar  ; 
and  therefore,  by  4  E.  6.  BA  :  AC  ::  AD  :  DE, 

h  V 

that  \s,  a  '.  X  :\  b  \  —  =  DE.   Hence  we  have  BC 
a 

4-  DE  =  a"  —  a;-^,2  4-  ^  =    a  Maximum  ;    the 

a 


Fluxion  of  which  is  =  o  ;  that  is,  |  x  ^" — x^^    2 
X  —  2Ar.v  -i-  Ji  -  o,  that  is, —  -; Xi  +   ~ 


=  o;  which  multipled  by  of  —  x%  X  a,  gives 

—  ^jfi  +  a"  —  x^^\^'  hx  =  o  ;  therefore,  by  tranf- 

pofition   and     dividing   by   ^,    we    have    ax   = 

d~  —  ^'^"1^  b  ;  by  involution  a^  x'^  =  d'  b'  —  ujc  ; 
confequently,  d  x^   ^  p  x''"  =  a'  b\  and  x^  ~ 

"'  ^'  , ;  therefore,  ;.  =  =4L^,,  which  fubRi- 


a^  +  t'^'         '      -r+¥\^ 
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tuted  for  x,  makes  the  Maximum  BC  -f  D£  (  z: 

CI' 

that  is,  by  47  E.  u  BC  -f  DE  =  the  hypothe- 
iiufe  BD. ' 

Or^  Produce  BA  to  Z?,  making  hK  =  AB  ;  draw 
the  right  line  I'D  •,  and  perpendicular  to  CE  draw 
he  :  then  will  the  triangles  Ahc  and  ABC  be  equal 
and  fimilar,  for  be  is  equal  and  parallel  to  BC. 
Now,  it  is  evident,  that,  the  line  i;D,  in  every 
iituation,  will  be  greater  than  the  fum  of  the  per- 
pendiculars he  and  DE,  excepting  when  it  is  per- 
pendicular to  the  line  CE;  and  that  then  the  faid 
perpendiculars  will  coincide  with,  and  their  fum 
be  equal  to,  ir.  Therefore,  the  Maximum  of  the 
fum  of  the  perpendiculars  he  and  DE,  or  of  BC 
and  DE,  is  equal  to  the  fide  Z^D  of  the  triangle 
AhD  ;  which,  when  the  L.  bhld  orBAP  is  right,  is 
equal  to  hD  -,  as  before. 

Example  VIII. 

54.  To  find  the  greateji  right-angled  Triangle 
ACB  that  can  be  infcribed  in  the  given  Quad- 
rant AEF;  the  right  angle  being  formed  by 
the  fine  and  cofine  BC  and  CA. 

j/o-.        Put  the  radius  or  hypothenufe  AB  =  «,  and 
31.    AC  n  oc\    then,    by  47  E.  i.  CB  ~  ^f-— ~?)2  j 
therefore,    the   area  of   the  triangle    =    |-  a*    x 

r/  —  x^  =  \a-  x'  —-\x^^  =  a  Maximum  ; 
confequently,  {arU  43.)  c^  x"  —  x^  —  a  Maxi- 
mum;  the  Fluxion  of  which  is   zz  o  5  that  ir>, 
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laxx  — ■  4%^  :v  =  o ;  which  divided  by  ixx^ 
makes  cP"  —  ix^  =o;  therefore  x*  —  \a- ;  con^ 
fequently  AC  =  Cb,  and  the  point  B  bifefe  the 
quadrantal  arch  EF, 

Or,  Put  AB  —  a,  AC  —  x,  CB  r:  y,  EB  =  z  ; 
and  fuppofe  the  point  h  indefinitcrly  near  to  B,  he 
parallel  to  BC,  and  B;2  equal  and  parallel  to  Cc; 
that  is,  let  Bn  i=  a",  and  BZ?  =  %',  N ovv,  if  we 
confider  the  Increment  BZ?  as  a  little  right  line  per- 
pendicular to  the  radius  AB,  the  angles  n^b  and 
CBA  will  be  equal,  and  confequently  the  indefi- 
nitely little  right  angled  triangle  Vmh  will  be  (laii- 
Jar  to  the  right  angled  triangle  BGA ;  therefore, 
by  4  E.  6.  AB  :  BC  ::  Z^B  :  Bn,  that  is,    a  \  y  :: 

%'  :  x'^   or    (art,   7.)    a:y:\Z'.X^:.z   =  — 

But,  when  the  triangle  ACB  is  a  Maximum,  it 
is  plain,  that,  AB  x  ^  z  is  iz  BC  X  x  ;,  that  is, 

I  az  '=.  yx,   .*.  z  =  -^  zz  (by  the  above,)  —  ; 
^  a         ^  '  ^     y 

whence^  o^y^x  ir  a"  x,  and  23/^1=  a"^  =  5f^  -i-  y^ 
Therefore,  .r  zr  y,  or  AG  zz  CB;  as  before. 

Or^  Suppofe  CD  to  be  always  perpendicular  to 
AB.  Now,  it  is  evident,  the  Triangle  will  be 
the  greateft  when  CD  is  a  Maximum,  that  is, 
when  it  bifeds  AB,  or  is  the  radius  of  the  cir- 
cumfcribing  femicircle  ACB;  and  then,  it  is  plain, 
AC  zz  CB;  as  berore. 
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Example  IX. 

^^S'     §f;.  In  the  right  hne  AE,  which  is  perpendicular 
3*'  10  the  indefinite  right  line  AZ,    given  ACzza, 

and   CE   =:  b :   To  find  the  point  B,  where  the 

Angle  CBE  is  a  Maximum, 

Put  AE  ~  a  +  Z?  =  c,  and  AB  =  x;  then,  hy  47 
E.  I .  CB  =  'a^+x'  1^  and  EB  -~c^"+o?]^  N ow, 
by  Trigonometry,  CB  :  radius  ::  AB  :  s.  Z.  ACB 
that  is,   (putting  radius  z:  i,)  a^  -{■  x'^]i  :  i  ::  x: 

:-^l=rr=~zz    s.  z.  ACB  or  ECB;  and  EB  :  s.  Z. 

ECB  ::  EC  :  s.   z.   CBE,    that   is,    ?~V^i' 
X  ,     J  hx 

CBE    =    a    Maximum ;    therefore,    (art.    43.) 


a"-  +  X-    X  c"  4-  ^^'"        ^'c*^^  '^  4-  f^"  +  <^'  -f  ^' 
a  Maximum  ;  and  a^  c"  a.~^  -[-  ^"  zr  a  Minimum  ; 
the  P'luxion  of  which  is  1=  o  ;  that  is,   •—2  a"  c" 
x"^  x:  4-  2.XX  —  o;  and  this  equation  divided  by 
2XX,  makes  —  a^  c"  Ar~'^  4-  i  z=  o  ;  therefore  i  zz 

^2      '2 

a  c  X    "*  zz  ,  and  x    ~  ^'  c\  and  ;f  =  «c  2. 

So  that  AB  is  a  geometrical  mean  between  the 
diftances  AC  and  AE  ;  and  therefore,  by  6  E,  6, 
the  triangles  CAB  and  ABE  are  Hmilar. 
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Or*,  (\n  any  pofitition  of  the  line  AZ,) — Tt  n  Fig, 
evident,  that,  as  long  as  the  angle  BCE  decreafes  ^2. 
fafter  than  the  angle  ?i'i^C  increafes,  the  angle  ^-^^ 
CBE  will  be  increafing  ;  and  that,  when  the  angle  ^4. 
BEC  increafes  fafter  than  the  angle  BCE  decreafes, 
the  angle  CBE  will  be  decrealing  :  therefore,  when 
the  faid  angle  CBE  is  a  Maximum,  or  when  it 
neither  increafes  nor  decreafes,  the  Fluxions  of 
the  angles  at  C  and  E  will  be  equal ;  or,  the 
Increment  of  the  angle  BEC  will  be  equal  to 
the  Decrement  of  the  angle  BCE;  that  is,  if  we 
fuppofe  the  point  b  indefinitely  near  to  B,  the 
Z.  BEZ^  —  L  BCZj  :  therefore,  if  with  EB  and 
CB,  as  radii,  the  arches  Bw  and  ^n  be  defcribed  ; 
then,  becaufe  the  circumferences  of  circles  are  as 
their  radii,  B;;?:  B/2  ::  EB :  CB.  Dc-fcribe  the 
circle  BGA,  whofe  diameter  is  AB;  and  in  jig^ 
34.  produce  EB  to  G,  and  BC  to  I.  Draw  the 
right  lines  GA,  AI,  and  IG.  Then,  in  jig.  32. 
and  33.  (by  21  E.  3.)  Z.  GAI  =  2I  GBI  or 
EBC;  and  in  ^^•.  34.  (by  22  E.  3.)  Z.  GAl  4- 
Z-  GBI==  180°.  zz  Z.  GBI  +^  EBI;  therefore 
in  this/^.  alfo,  Z.  GAI  z=  Z.  EBI  or  EBC. 
Now,  if  we  fuppofe  the  arches  B;/^  and  ^n  to 
be  little  right  lines  perpendicular  to  Y.m  and  Qn 
refpedively,  then  may  the  triangles  hlSm  and 
BAG  be  confidered  as  fimilar,  as  may  likewife 
the  triangles  h^n  and  BAI ;  (for,  by  31  E.  3, 
the  angles  BGA  and  BiA  are  right;  and,  be- 
caufe  the  points  h  and  B  are  prcfumed  to  be 
indefinitely  near  to  each  other,  therefore  the  Z. 
E/?A  is  indefinitely  near  to  equality  with  the  Z. 
EBA,  and  the  A   CZ'A  with  the   L  CBA;  &c.) 

*  Invented  Anno  1760. 
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Example  IX. 


^^S*     ^r^.  In  the  right  hne  AE,  which  is  perpendicular 
3--  to  the  indefinite  right  line  AZ,    given  AC  — a, 

and   CE   ~  b :   To  find  the  point  B,  where  the 

Angle  CBE  is  a  Maximum, 

Put  AE  zr  a  +  Z?  =  c,  and  AB  =:  x;  then,  by  47 


by  Trigonometry,  CB  :  radius  ::  AB  :  s.  Z.  ACB 

that  is,   (putting  radius  z=  i,)  a'  •+  a-^I^  :  1  ::  xi 

-^l^r^.zz    s.  z.  ACB  or  ECB;  and  EB  :  s.  Z. 

ECB  ::  EC  :  s.   z.   CBE,    that    is,    TT^i' 
X  J  bx 

b:      ^  -:-? :=r^ .  ,       ZZ      S.      A 


a2"+~?^^  a^~+~x^i  X  c^  +  x^)^ 

CBE    rr    a    Maximum ;    therefore,    (^r/.    43.) 


.T^ 


a''  -f  ^2    X  c"  4-  ^v^        a'^rx  -  +  a'  -f  c"  -f-  ;tf- 
a  Maximum  ;  and  d^  c  x~"~  -^  x~  zz  a  Minimum  ; 
the  Fluxion  of  which  is  ~  o  ;  that  is,   -—2  a"  c" 
x'^  X  -j-  2XX  =z  o;  and  this  equation  divided  by 
2XX,  makes  —  a^  c~  x'""^  4^  i  zi  o  j  therefore  i  zz 

a  c  X    "^  zz  . ,  and  x    zz  a"  c\  and  ^  ==:  ac  2. 

x' 

So  that  AB  is  a  geometrical  mean  between  the 
diftances  AC  and  AE  ;  and  therefore,  by  6  E,  6. 
the  triangles  CAB  and  ABE  are  fmiilar. 
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Or*,  (m  any  pofititlon  of  the  line  AZ,) — Tt  \^Tig. 
evident,  thac,  as  long  as  the  angle  BCE  decreafes  ^2. 
fafter  than  the  angle  BFC   increafes,    the  angle  ^^^ 
CBE  will  be  increafing  ;  and  that,  when  the  angle  ^^^ 
BEC  increafes  faOer  than  the  angle  BCE  decreafes, 
the  angle  CBE  will  be  decrealing  :  therefore,  when 
the  faid  angle  CBE   is  a   Maximum,  or  when  it 
neither  increafes  nor  decreafes,    the  Fluxions   of 
the  angles  at  C  and  E    will  be  equal ;    or,    the 
Increment  of   the  angle  BEC  will    be  equal    ta 
the  Decrement  of  the   angle  BCE;  that  is,  if  we 
fuppofe  the  point  b  indefinitely  near  to   B,    the 
Z.  BEZ^    zz    I,  BCZ) :  therefore,  if  with  EB  and 
CB,  as  radii,  the  arches  Bw  and  ^n  be  defcribed  ; 
then,  becaufe  the  circumferences  of  circles  are  as 
their  radii,    Y>m\  B/2  ::  EB:  CB.      D-fcribe   the 
circle  BGA,  whofe  diameter  is  ABj  and  in  figs 
34.  produce  EB  to  G,  and  BC  to  I.     Draw  the 
right  lines  GA,  AI,  and  IG.     Then,  in  fig.  32. 
and   33.  (by  21  E.  3.)   Z.    GAl  =    L    GBI  or 
EBC;  and  m  fig,  i^,  (by  22  E.  3.)   L.  GAI  4- 
L,  GBI  =  i8o^  =  A  GBI  4-  ^  EBI ;  therefore 
in   thisj%.   alfo,    L.    GAI  zz    Z.   EBI   or  EBC. 
Now,   if   we  fuppofe  the  arches   B?/i  and  B;^  to 
be  little  right  lines  perpendicular  to  ^m  and  Qn 
refpedively,    then    may    the    triangles    h^m    and 
BAG  be  confidered  as  (imilar,  as  may    likewife 
the  triangles  h'^^n  and  BAI ;    (for,   by  31  E.  3. 
the  angles  BGA  and   BIA  are  right;    and,   be- 
caufe the  points  h  and   B    are   prcfumed   to    be 
indefinitely  near  to  each  other,  therefore  the   Z. 
K^A  is  indefinitely  near  to  equality  with  the  Z. 
EBA,  and  the  JL   C/^' A  with  the   L  CBAj  &c.) 

*  Invented  Anno  1760. 
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wherefore,  by  4  E.  6.  Z^B  :  BA  : :  B;»  :  AG,  and 
h^  :  BA  : :  B«  :  K\  :  •/  Bm  :  B«  :  :  AG  :  AL 
Hence  EB  :  CB  ::  AG  :  Al ;  and  therefore,  by 
6E.  6.  the  triangles  EBC  and  GAI  are  alike, 
and  the  L.  AGI  zr  L  BEG:  but,  by  21  E.  3* 
the  L  AGI  =z  L.  ABT  or  ABC  ;  therefore  the 
JL  BEG  =  L.  ABC,  and,  confequently  the 
triangles  CA.B  and  BAE  arcfimilar;  wherefore, 
by  4  E.  6.  CA  :  AB  ::  BA  :  AEj  v  AB  =r 


Conjlruction. 

Produce  EA  to  K,  making  AK  z:  AC;  de- 
fcribe  the  femicircle  KE;  and  in  ^^.  33  and  34, 
draw  AQ^perpendicular  to  the  diameter  EK,  and 
make  AB  equal  to  AQ^:  then  will  B  be  the  point 

required.     For,  by  2S  E-  3^  AQ^:=  KA  x  AE^i 
diar  is,  AB  =  ACTaE^  i 

Example    X» 

pj^^     56.     Given  the  point  C  in  the  radius  EA  of  the 
« -^  circle  AB,  &c.     To  find  the  point  B,  at  which, 

if  a  tangent  TB  and  right  line  CB  be  drawn  to 

it^  the  Angle  CBT  is  a  Minimum. 

Draw  the  radius  EB.  Now,  becaufe  by  iS 
E.  3.  the  tangent  to  a  circle  is  always  perpendicular 
to  the  radius,  it  is  evident,  that  the  angle  CBT 
will  be  the  lead  pofllble  when  the  angle  CBE  is  the 
greateft:  Ii  is  likewife  evident,  that,  when  the  faid 
angle  CBE  is  the  greareif  pofiible,  the  Fluxions  of 
the  angles  BC£  and  BEC  vv'ill  be  equal ;  or,  fup* 
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pofing:  the  point  ^indefinitely  near  to  B,  ABC^  =? 
./.BE^i  and  therefore,  if  with  CB,  as  a  radius,  we' 
defcribe  the  httle  circular  arch  l&n  ;  then,  CB': 
B«  ::  EB  :  m,  or,  CB  .-  BE  ::  ;?B  :  m  ;  and  con- 
fequently,  by  6  E.  6.  (becaufe  Z-CB;z  —  Z-EB^, 
and  therefore  Z.CBE  =r  7iB^,)  the  triangles  CBE 
and  n^b  are  fimilar,  and  Z.EGB  =:  Z_^/2B  =  a 
right  angle.  Hence,  when  the  angle  CBE  is  a 
Maximum,  or  the  angle  CBT  is  a  Minimum,  the 
right  line  CB  will  be  perpendicular  to  the  radius 
EA. 

Or,  Because  by  Trigonometry  EB:  fine  Z.BCE 
::  EC:  fine  iCCBE;  therefore,  the  angle  CBE 
will  be  the  greaceft  when  the  angle  ECB  is  a  right 
one ;  but,  when  the  angle  CBE  is  the  greatefl:, 
the  angle  CBT  is  the  lead  poffible :  therefore, 
when  the  angle  CBT  is  a  Minimum,, the  right  line 
CB  will  be  perpendicular  to  the  radius  EA;  as 
before. 

Example     XI*. 

5-7.     Given  the  pomt  C  in  the  radius  OA  of  the  ^, 

femicircle  ABE  :  To  find  the   point  B  in  the  J^' 

faid  femicircle  where  the  Sum  of  the  right  lines  ^ 
CB  and  EB  is  a  Maximum. 

Suppofe  the  point  b  indefinitely  near  to  B;  and 
the  little  circular  arches  Bn  and  Bwy  defcribed 
with  CB  and  EB  as  radii,  to  be  little  right  lines 
perpendicular  to  the  said  radii  refpedively.  Now, 
the  angles  CB;^  OB^,  and  EBm,  being  right; 
therefore  Z-CBO  ==  l^nBI^,  and  aOBE  =  mBi?  : 
but,  wlien  CB-fEB  is  a  Maximum,  it  is  evident, 

*  Invented  Anno  1761. 
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that,  the  Increment  72^  muft  be  t=  the  Decrement 
im ;  and  therefore  the  triangles  ^nB  and  ^wB  are 
equal  and  fimilar.  Plence,  /LnB!^  bein^  =  l.mBi^i 
therefore  Z.CBO=  Z_OBE  —  ^OEB;  and  the 
triangles  OCB  and  BCE  are  fimilar;  and  confe- 
quently,  by  4  E.  6.  OC  :  CB  ::  BC  :  CE;  vCB 

=  CO  xCEl*. 

Conftruction, 

Make  CK  =  CO;  defcrihethe  femicircle  KQE, 
and  draw  the  right  line  CQ  perpendicular  to  the 
diameter  EK;  alfo^  make  CB  =  CQj  then  willB 
be  the   point   required.     For,  by  35  E.  3,  CQ_~ 

EC  X  CK]i  that  is,  CB  =:  ECTCO^i 

Corollary, 

In  order  to  make  the  Maximum  take  place,  the 
given  diftance  OC  mufi:  be  greater  than  ~  of  the 
radius  OA. 

Note. 

To  find  an  Algebraical  exprcflion  for  the  fum  of 
the  right  lines  CB  and  EB  when  the  faid  funi  is  a 
Maximum.     Put  the  radius  EG  or  OA  rz  a,  and 

OC-b',    then,  CB  -  COTCE]^  zz  ab^b^^, 

and    CB:BO  ::CE:EB,    or    EB  =z  52ili^l 

CB 

--  £:L^^^  :    therefore    CB  +  EB  zz  ab  \  b^h  + 


^■a\ 
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Example  XII*. 

58.  Let  the  given  right  line  C  1  in  Its  ^'-(1:  fitua-  ^^* 
tion  coincide  with  the  righr  Imt  A'L ;  an  i  let  ^'' 
the  end  G  move  alono  the  right  ime  KD  in 
fucb  a  manner  tha^  the  (ither  en!  C  may  pafs 
with  an  uniform  motion  fiom  A  o  I  ;  and,  at 
the  fame  time,  fiippofe  a  point  B  to  ipove  with 
the  fame  nniform  m')tion  from  C  a'ong;  the 
line  CG;  then,  hv  the  motion  of  \h\>  point, 
will  the  Curve  ABD  be  dcicnbed  :  To  fiid  the 
point  C  in  the  hne  AE  wliere  '^F  is  a  ^iaxi'' 
7num;  BF  being  always  [.arallel  to  DE,  aiid  BH 
parallel  to  AE. 

Put  AE  zr  ED  =  CG  ^  a,  AV  zz  x,  and  AC 
=:  CB  —  z  ;  then,  CF  znx-Zy  BG  -.:  a  .-,  n  1 
FE  -  BH  -  a—^-  Now,  by  4  E  6.  GB  :  bH 
::  BC  :  CF,  that  is,  a — z\a--x::z:x^Z',  v 
ax — az-'-xz-^-z^  zr  az — xz,  or  ax  2a  c  -  z^  -  o  ; 
the  Fluxion  of  which  equacion  is  a\ — la  2zz 
zz  o:  but,  when  CF  or  x—z  is  ^  M  xtmur,  ;  is 
evident,  that,  x=rz ;  therefore,  bv  dividing  'h'  x 
or  z,  we  have  a — 2^-f  2z  =  o,  or  2z  ^a;  md 
therefore  2  ~:  ja.  or,  the  pomt  C  beieds  the  line 
AE  when  CF  is  a  Maximum. 

Corollary. 

S'-ce  CB  ~  BG  ;  therefj  c  CF  =  BH  =  FE 
=  |-CB  ;  and  confequently,  when  the  angle  AED 

not  .1  Obtuie  but  a  right  one,  the  angle  BCF 
yiiiii  when  CF  is  a  Maximum,  be  zi  600. 

*  Invented  Anno  1756. 
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Example   XIII. 

Q  '    59.  To  find   tbc  point  of  RetrogrefTion  B  in  the 
3*^*  Contrauicd  SeirAcycloid  ABD  ;  whofe  generating 

femicircle  AGF  is  greater  than  its  bafe  FD  *. 

Pu*  the  generating  femicircle  AGF  r-  a^  bafe 
FD  n  h,  radius  CG  ~  c,  CG  —  j,  OC  =  Xj  or- 
dma  e  CB  =  jy,  and  arth  AG~2;;  and  let  the 
point  g  be  fuppofed  indefinitely  near  to  G,  and 
vg  parallel  to  CF  ;  that  is,  let  nG  zz.  /,  and  G^ 
rr  %\  Nov/,  if  ihe  Increment  G^  be  fuppbfed  a 
little  right  line  perpendicular  to  the  radius  OG, 
the  right  angled  triangles  OCG  and  Gng  will  be 
fimilar ;  and  therefore,  by  4  E.  6.  CO  :  OG  :: 
fiG  :  G^,  that  is,  xi  c::  s' :  z',  or  [art,  7.)  x  i  c\\ 

} :  2;  —  ^.     By  the;  known  property  of  the  curve. 


^:  ^::  s  :GB  z:— ;    therefore  CG4-GBz::J  + 
a 

*  This  Cun-e  may  be  thus  generated : — Let  the  semicircle  | 
fijTroll  along  upon  the  right  \\i\^fd  equal  to  it   and  perpendi- 
cular to  its  diameter/<2 :  then  will  the  curve   ABD  described   : 
by  any  point  A  taken  without  ihe  said  semirircle  and  in  the 
radius  Oa  produced^  be  a  Contracted  Sejiicycloid.      For,  de-   ' 
scribe  the  concentric  semicircle    y\GF;    in    any  position  of  i 
•«A^hich,   as  BRK,   to  the  generating  point  B  draw  vhe  ordinate   , 
CB  parallel  to  the  base  FD,   which  '^aid  base  must  evidentlv  be  ] 
equal  and  parallel  to  fd :  through  the  centre  0  draw  MR  pa-   ,; 
rallel  to  the  diameter  AF  J  and   with  t'ne  radium   oB  desciibe  \ 
the  arch   BM     then  will   the  arches   AG,  M  B,  and  RK,  be  ■ 
equal,  and  tB  -  CG  ;  and  therefore  GB  =  C<=:/r  ~.  (by  the  5 
generation)  arch  r/? ;  but,  semicircle  AF  :  semicircle '<?/    ;'  arch 
RK  .  arch  rk -,  therefore,    semicircle    /  ■  F  :jd  or  base    FD-:  : 
arch  AG  :  GB  j  which  is  the  property  of  the    Cycloid,     (See 
art.  35.) 

This  Curve  may,  with   propriety,   be  called  an   exierhx 
Cycloid. 
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_  =y,  which,  at  the  point  of  Retrogrefiion,  muft 
a 

evidently  he  a  Maximum  ;  its   Fluxion  therefore 

is  =  o,  that  is,  because  the  Fluxions  of  s  and  z 

are   negative  to  each  other,  — s  +  —  =  o  ;  from 

which  equation  we  have  z  zz  --.  Hence  _  =  _. ; 

l^  X         if 

and  therefore  zx^=.  hc^  and  ;c  = —  =  OC. 

a 

Or^  *  Put  the  generating  femicircle  AGF  =-  ^, 
bafe  FD=^,  radius  OG  =  c,  and  OC  -  v ; 
and  let^^  be  iiippofed  indefinitely  near  and  paral- 
lel to  GB.  Now^  it  is  evident,  that,  ar  the  pouit 
of  Retrogrefiion  B,  the  tangent  muft  be  perpendi- 
cular to  die  ordinate  ;  that  is,  at  the  faid,point, 
the  Increment  B^  is  perpendicular  to  ^i';  and 
therefore,  becaulc-  the  Z./B/^  zz  jLoBv.  the  ighc 
angled  triangles  Bbv  and  B/o  or  GCO  are  fimilar ; 
and  confequently,  by  4  E  6.  Bv  :  v^  :  :  GO  :  OC. 
But,  by  the  nature  or  generation  of  the  curve,  a  : 
^  :  ;  G^  or   Bv  :  vk      Hence,    therefore,  a  :  b  :  : 

GO  :  OC,  that  is,  a  :b:  :  c:  x -,  v  x  =  ^Szz  OC  j 
as  before. 

Corollaries, 

I.  At  any  point  B  m  the  curve,  if  to  the  cor- 
responding point  G  m  the  circle,  we  draw  the 
right  line  TG  perpendiculai  to  tne  radius  OG, 
piaking  TG :  GB  :  -  a  :  b,  that  is,  if  TG  be  made 

*  Invented  Anno  176O. 
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equal  to  the  arch  AG;  or  if  B^  be  made  equal 
to  the  radius  0«,  xz  be  drawn  parallel  to  the 
tangent  GT  and  equal  to  the  radius  OA;  then, 
will  the  right  line  drawn  from  T  or  z  to  B,  be  a 
Tangent  to  the  curve  at  the  point  B.  For  then 
the  triangles  TGB  or  zatB  and  Bvb  will  bcfiiiiilar; 
and  therefore,  &c. 

2.  If  the  right  line  «Q^be  drawn  perpendicular 

to  the  radius  OA  ;  then,  when  the  point  (^arrives 

at  the  bafe  FD,  the  point  A  will  be  in  the  point 

of  Retrogreflion  B.    For,  fince  at  the  faid  point  of 

be 
RetrogrefTion,  AT  iz:  —  ;    by  analogy,  a\b:',c'.Xy 
a 

that  is,  femicircle  BRK  :  femicircle  j)rk  :  :  oR  :  0/ ; 

therefore,  the  femicircles  being  as  their  radii  (?R 

and  or,  the  point  /  coincides  with  r,   that  is,  the 

ordinate  CB  coincides  with  the  right  line/c/;  and 

the  triangles  'R.op  and  B<?/  are  equal    and  fimilar. 

Confequently,    R^  is   perpendicular   to  fOy  and 

therefore,  &c. — Hence  the  following. 

Conftruction, 

Make  DR  =  arch  ae,  draw  R/  equal  and  pa^ 
rallei  to  F/,  and  /B  equal  and  parallel  to  ^Qj 
then  will  B  be  the  point  of  Retrogreflion  re- 
quired. 
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CHAPTER    V. 


Of  finding  the  Points  of  InfleSlion  in  Curves. 

60.  When  a  Curve  from  being  Concave  be- 
comes Convex  towards  its  axis ;  or,  from  being 
Convex  becomes  Concave ;  then,  that  Point  in 
it  where  the  Change  is  made,  or  that  which  fepar- 
ates  the  Convex  from  the  Concave  part,  is  called 
the  Point  of  ]nfte5fion.  So  that,  if  to  the  Point  of 
Infledlion  a  Tangent  be  drawn,  it  will  cut  the 
Curve. 

Thus,  in  fig,  39.  if  AB  be  concave  and  BY  con-  j^. 

vex,  or,  mfig.  40.  if  AB  be  convex  and  BY  con-  ^^^' 

cave  towards  the  axis  AX;  then  B  is  the  point  of  ^^' 

Inflexion:    where  the   Tangent  TBG  cuts    the  "^^^ 
curve. 

61.  Now,  it  is  evident,  that,  in  any  Curve,  in 
order  to  determine  whether  the  Abfcifs  or  Or- 
dinate flows  with  an  accelerated  or  retarded  mo- 
tion, or,  to  find  the  value  of  its  Second  Fluxion,  it 
is  neceffary  that  one  of  them  be  made  to  increafe  ' 
or  decreafe  with  a  given  or  uniform  motion,  with 
which  the  fwiftnef«  of  the  increafe  or  decreafe  of 
the  other  may  be  always  compared. 

Suppofe  the  Abfcifs  therefore,  it  being  the  moft 
natural,  always  to  flow  equably,  or  equal  parts  of 
k  to  be  defcribed  in  equal  times;  then,  becaufe 
the  Direaion  of  the  curve  from  A  to  B  {fig.  39.) 
or  from  B  to  Y  (fig,  40.)  continually  approaches 
nearer  to  a  Parallelifm  with  the  axis,  it  is  evident, 

'3 
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the  ordinate  between  thefe  points  mull  flow  with  t 
motion  continually  Retarded  :  and,  becaufe  the 
Diredion  of  the  curve  from  B  to  Y  {Jig.  39.)  or 
from  A  to  B  (j%.  40.)  approaches  continually 
nearer  to  a  perpendicular  to  the  axis ;  therefore, 
between  tliefc  points,  the  ordinati  mud  flow,  or 
increafe  with  a  motion  continually  Accelerated. 
Conlequently,  at  the  point  of  Inflexion,  the  ordi- 
nate will  flow  with  neither  an  Accelerated  nor  Re-' 
tarded  but  with  an  Uniform  motion:  therefore,  at 
the  point  of  Infledtion  B,  the  SecondFluxions  of  the 
abfcifs  and  ordinate  will  be  =  o. 

.  Or^  Let  Bwbea  given  right  line  always  parallel 
to  the  bale,  H^m  a.  Tangent  to  the  curve,  and  nm  a 
right  line  parallel  to  ihe  ordinate.  Then,  it  is 
plain,  that,  before  the  ordinate  arrives  at  the  point 
of  li.fledion,  the  right  line  nm,  in  fig.  39.  will  he 
continually  Decreafing,  and  afterwards  continually 
Increafing;  or,  mfg.  40.  will  be  continually  In- 
creafing,  and  afterwards  continually  Decreafing  : 
therefore,  at  the  point  of  Inflexion,  it  will  be 
neither  Increafing  nor  Decreafing  5  but  will,  in 
fg.  39.  be  a  Minimum,  or,  in  JJg.  40.  a  Maximum; 
and  confequently,  in  either  cate,  its  Fluxion  will 
be  -=r  o.  But,  by  art,  24.  the  right  lines  Bn^  nm^ 
and  B»;,  are  as  the  Fluxions  of  the  abfcifs,  ordi- 
nate, and  curve,  refpedtively.  Hence,  therefore, 
the  becofid  Fluxions  of  the  abfcifs  and  ordinate,  at 
the  point  of  Inflexion,  are  =  o  ;  as  before. 

62.  Now,  fince,  in  general,  the  ordinate  CB 
and  the  meafure  of  its  Fluxion,  «7?^,  flow  together; 
or,  fince  the  Fluxion  of  the  ordinate  CB  is  always 
as  the  right  line  nm^  and  the  faid  right   line  is  a 
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Variable  or  Flowing  quantity  *  ;  therefore,  to  find 
the  Second  Fluxion  of  a  Fluent,  or  the  Fluxion  of 
an  Exprtflipn  containing  the  F'irjl  Fluxions  of  any- 
variable  quantities  ;  every  i'^'r/?  Fluxion,  notfup- 
pofed  Livariable,  muil  be  confidered  as  a  diftindt 
Variable  quantity,  and  the  Exprefllon  be  put  iato 
Fluxions  by  the  Rules  laid  down  in  Chap,  2, 

Thus,  the  Fluxion  of  7yy  is  2yy  +  2yj'5   that  is, 
2j))^-f- .ry)/';  or,  \i y  be  invariable,  it  is  2y*.     The 

Fluxion  of  ^  is  M±S!Z3):S: ;  or,  fince  either 
y  y' 

X  or  y  may  be  fuppofed  invariable,  (that  is,  either 
a:  or  y\.Q  flow  with   an    uniform   motion,)  if  we 

make  x  invariable,  it  will  be  -f- — .     Alfo,  the 

Fluxion  of  ~r-  .4  is  x^  +  xx  x  a'+/\* — •?? 

^\  iXXm 


*  If  the  right  line  nm  be  invariable  j  then,  the  curve  will 
degenerate  into  a  right  line,  and  the  ordinate  will  flow  uni- 
foimly,  or  the  Fluxion  of  it  be  always  the  same. 

If  the  right  line  nm  be  variable  ;  then,  the  velocity  with 
which  the  ordinate  flows  will  likewise  be  variable  :  And^  the 
velocity  with  which  the  line  nm  increases  or  decreases  will  al- 
ways be  as  the  increase  or  decrease  of  the  velocity  with  which 
the  ordinate  flows  j  that  is,  the  Fluxion  of  the  line  nm  will  bs 
as  the  Second  Fluxion  of  the  ordinate  CB. 

If  the  right  line  nm  does  not  unilormly  increase  or  decrease  ; 
then,  the  velocity  with  which  the  ordinate  flows  will  not  uni- 
formly increase  or  decrease  :  And,  the  increase  or  decrease  of 
the  velocity  with  which  the  line  nm  mcreases  or  decreases  will 
always  be  as  the  increase  or  decrease  of  the  acceleration  or  re- 
tardation of  the  velocity  with  which  the  ordinate  flows  ;  tliat 
is,  the  Second  Fluxion  of  the  linf  nm  will  be  as  the  Third 
Fluxion  of  the  ordinate  CB. 
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The  Thir  ^  and  Fourth  Flvxlons,  &c.  are  found 
in  the  famt-  minner,  due  teganl  >ehg  had  to  fuch 
Fluxi-  ns  as  are  fuppoled  Invarja  >le. 

63.  Henre,  to  find  ihe  point  of  Infle(*^ion  B  ; 
put  the  equation  of  the  curve  (where  the  abfcifs 
AC  is  =:  a:  or  a±:Xy  and  the  ordinate  CB  =  y^) 
into  Fluxions;  troin  v^hich,  or  from  other  pro- 
perties uf  the  curve,  find  the  vahie  cf  .v  orj/ ;  and 
put  this  A^  or  J/ and  its  value  into  Fluxions,  mak* 
ing  both  ic-andj^'r^o;  then,  by  expunging  the 
reft  of  the  Fhixional  quantities,  vou  may  have 
X  or  y,  at  the  pomt  of  Inflexion  fought,  deter- 
mined. 

64.  But,  the  point  of  Infle(5>ion  may  be  found 
without  the  help  of  Seco'i^  Fluxions.  For,  if 
TB  be  a  Tangent  to  it,  it  is  evident,  that,  AT, 
the  Difference  between  the  fubtangentand  abfcifs, 
will  be  a  Maximum.  And  theretore,  to  find  the 
point  of  Infledioh,  we  need  only  to  find  a  definitive 
expredion  for  the  Su  bran  gent,  by  Chaj),  3.  and 
the  Difference  between  it  and  the  ablcifs ;  and 
then  aake  the  Fluxion  of  this  Dificrence  =  o. — 
And  fometimes  it  may  be  determined  in  a  New 
and  difFe  ent  m inner;  as  will  be  (hewn  in  the  fol- 
lowing Example. 


L 
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Example    I. 


'€5.  To  find  the  p^int  of  Inflexion  B  in  the  Pro-  Fig, 
f^aJe-i  Semicydoid  ABD ;  vho^e  generating  41. 
IcMHcircle  AGF  is  lefs  than  its  bafe  FD  *^ 

Put  the  generating  femicircle  AGF  z:  a^  bafe 
FD  rr  h,  radius  OG  =  c,  CG  zz:  s,  OC  =  ;f, 
orvidMte  CB  ~  y,  and  arch  AG  n  z-,  and  let  the 
point  g  be  fuppofed  indefinitely  near  to  G,  and 
ng  par«llel  to  CF,  that  is,  let  Gn  —  s\  ng  =  x'^ 
and  ^G  z=  %',  Now,  if  the  Increment  Gg  be 
fuppoied  1  little  rit-ht  line  perpendicular  to  the 
radius  OG,  the  r^ght  angled  triangles  OCG  and 
Gwo- will  be  fimilar;  and,   therefore,  by  4  E.  6. 


OC 

:CG 

: :  Gn  : 

ngi    that 

i^S 

X : 

s  : ;  s' 

:  x',    or 

(*./. 

7.) 

X  :  s  ::  s 

* :  X,  '.' ; 

~ 

s 

By  the  known 

property 

of  the 

curve,    a 

:b 

::z 

:  GB 

bz 

; 

a 

*  This  Curve  may  be  thus  generated. — Let  the  semlcirclf 
MfroW  along  upon  the  righi  line  /of  equal  to  it  and  pependicular 
to  its  di  meter  /' ;  th(  n  will  the  curve  ABD  described  by  any 
point  \  taken  within  the  said  semlciicle  and  in  tiie  radius  Oa, 
be  a  Protracted  Semicyrloid.  For,  describe  the  concentric  se* 
micircl  AGF:  in  any  position  of  which,  as  BRK,  to  the  ge- 
nerating point  E  drdw  the  ordinate  CB  parallel  to  the  base  FD, 
which  said  base  must  evidently  be  equal  and  parflllel  to  yii : 
through  the  centre  0  draw  Mr  parallel  to  the  diameter  af:  and 
with  the  radius  oB  describe  t  earch  BM  :  then  will  the  archeis 
AG,  MB,  and  RK,  be  equal,  and  /B=:CGj  and  therefore, 
GB  1=  Ct  znfriiL  (by  the  gen<M-ation)  arch  rk ,-  but,  semicircle 
AF  :  semicircle  af  ■  arch  RK.  arch  rk;  thfrefoie,  semicircle 
AF  y«/or  base  FD  :•  arch  AG.  GB;  which  is  the  property  of 
the  (.-chid.     {Ste.art   35.) 

This  Curve  may,  with  propriety,  be  called  an  inttrior  Cycloid* 
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"re  CG  +  GB  zr  J  4-  if  r:  y ;  the  fliix- 

a 

;.    w'^icli    eniiatii.n^     bcvaufe     the    Fitixions 
■  \' s   ahd    z  aie  ii.gative  co  each  oihei^  is  ^ — $   + 

^^  -y,  li.ncc,  ;):=:—  ^+  if,  that  Is, 
(ix-caufe  by  47  E,  'i.  j  zz  ^^  ^\^  y  :=z  ^ 
•=-^-^rr  -^  -T'     But,  by  4  E.  6.  J  :  c  ;:  x' :  z* ;  i 


that  IS,    c~ — X  h  :  c  ::  X  :  z  zz ^^^  ;  where- 

XX 

fore,    by    fubflitution,    j/    zz    ( —  -^ ;    -jh 

Zjcx  --  ^vi  +  bcx  ,     x^,     . 

-    —)  — -- —    ,^  ■.  Now,  the  Fluxion 

of  this  equation,  making  both  x  and  J'  =  0,  is  o  = 

J  {IX  X      ' ___«__ 

— -^.V^  X  a,c~  —  x-\^  +•  I  X — axx  -{-  bcx 


^%c^  —  a;^ 


that  IS,  (by  redudion,)    o  = 


whence,  o    =  —  ac  +  bxy    and  ihcr-efore  x  zz 

y  =  oc.,  ^ 

Cr*,    Put  the  generating  femicircle  AGF  = 
a,  bale  FD  =  ^,  radius  OG  =  t,  and  OC=:xi    i 

*  laveated  Anno  1 760. 
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and  let  gh  be  fnppofed  indefinitely  near  and  pa- 
rallel to  GB.  Novv,  it  is  evidcii  ,  that,  at  tlie 
point  of  Inflexion  B,  the  an.z.ie  made  by  the  tan- 
gent and  ordinate  aiuft  be  a  Maximum  ;  that  is, 
at  the  fiid  point,  the  z.  lM?v  is  a  Mnximum. 
But,  by  the  nature  or  gent-ration  of  the  curve, 
a  \  b  W  Gg  or  Bi;  !  'vb ;  and.  hv  Trigonometry, 
by  :  v^  ::  s,  jL  vBb  :  s.  z.  B-v  \  theiefore,  the 
i'aid  Z-  Bhv  is  the  Greatcit  w.ien  vB  is  perpendi* 
cula'  to  R^,  Confequently,  at-  tiie  point  ot  In- 
fleflion  B,  the  tangent  is  coincident  with  the  ra- 
dius oB;  and  the  triangles  Bib  and  fo^  or  COG 
arc  fimilar :   therefore,  by  4  E.  6.  Bv  :  vb  ::  CO: 

OG  ;  that  is,  a:  b  ::  x:  c,  \'  x  =  '- —  =  OC ;  as 

b 

before. 

Corollaries. 

T.  At  any  point  B  in  the  curve,  if  to  the  cor- 
refponding  pci; :t  G  in  the  circle,  we  draw  the 
right  Ime  TG  perpendicular  to  the  radius  OG, 
making  TG  :  GB  \\  a:  b^  that  is,  if  TG  be  made 
cqtial  to  the  arch  AG;  or,  if  B^  be  made  equal 
to  the  radius  O^,  and  xz  be  drawn  parallel  to  the 
tangent  GT  and  equal  to  the  radius  OA;  then 
will  the  right  line  drawn  from  T  or  »  to  B  be  a 
Tangent  to  the  curve  ar  the  point  B.  For  then 
the  triangles  TGB  or  zxB  and  Bvb  will  be  fimi- 
lar; and,  therefore,  &c. 

2.  If  the  r i^vhr  line  AQ^be  drawn  perpendicular 
to  the  radius  Oa;  tlicn,  when  the  point  Qarrives 
at  the  right  line  fd  parallel  to  the  bafe  FD,  the 
point  A  will  be  in  the  point  of  Inflection  B, 
For,    iince  at  the    faid  point  of  InfleT£:ion5  x  r^i 
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-  ;  b.y  analogy,  b  :  a  ::  c  :  x,  that   is,   femlcircle 

pk\  femicircle  BRK  ::  ^B  :  ot -,  therefore,  the 
femicircles  being  as  their  radii,  ro  *.  cB  ::  Bo  :  ot ; 
that  is,  ot  o  OC  is  a  third  proportional  to  the 
radii  Of  and  OP\  and  the  triangles  roB  and  B(5/ 
are  iimilar.  Confequendy,  rB  is  perpendicular 
to  po ;  and  theretore,  &c. — Hence  the  following 

Ccnftruciion, 

Make  DR  =  arch  fe;  draw  rM  through  the 
point  R  equal  and  parallel  to /A;  make  oR  = 
OF;  and  laQly,  defcribe  the  femicnxles  MR  and 
or:  then  will  the  intcrfefting  point  B  of  the  faid 
iemicircles  be  the  point  of  Inflexion  required. 

Example    !I. 

jfT/a.     66,  To  find  the  point  of  Inflexion  B  in  the  Conchoid 

^2.  ^^  Nicomedes  AB  &c.  * 

Put  PE  -^  a,  EA  -  ^,  EC  =  a%  and  CB  := 

3/;    then   (^^Z.  33.)^=  TITF^T^/     ^^''^^ 

the  Fluxion  of  this  equation,  making  both 
X    and   y    =z    o,     is,      (by     redudion)     o  == 

OC- ;  therefore,  2  ^Z>"^ —  %  ax 

x^  X  b'  —  a^^  ^ 

—  x^  zi  o  ;  by  which  equation,  Xy  and  confe- 
quently  the  point  B,  may  be  determined. — And, 

^  See  the  generation  of  this  Cuivc^  art,  33.  nole. 
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if  tf  ^  ^,  it  will  be  2a^  —  ^ax^  —  x^  =  o ; 
which  divided  by  a  +  Xy  makes  2a^  —  2ax — x^ 
r-  o  ;  from  which  quadratic  equation  we  have  x  =^ 

3^4  —  a, 

ConftruSflGn, 

Make  Vn  —  -jPE  ;  draw  the  indefinite  right  line 
7im  perpendicular  to  P»  ;  make  Ei  —  -j  E  A  ;  draw 
the  right  lines  sr  and  l^m  parallel  to  each  other 
and  perpendicular  to  the  right  line  nir\  make  E/ 
c=  EA  ;  and  parallel  to  sr  draw  the  right  line  /C  : 
then  an  ordinate  drawn  from  the  point  C  will 
fall  on  the  point  of  Infiedion  B.     For,  by  4.  E. 

6.   CE  :  E/  ::  Vn  :  nm^    that  is,  x\b  ::  ^a  :  — 

Sx 

=:  nm-.  and  Fn:  nrfi  ::  mninr,  that  is,  ^a:  — - 
::^:?f^  :=,  nr;  again,  /E  :  EC  : :  jE  :  Er, 
that  is,  b',x'.\  \b :  -^.v  :  =  Er ;  therefore,  (;?E  be. 
ing  =  1^)  nr-\a  +  |;v.     Hence,    -^=  t^  + 

■^Xy  and  therefore  2^^^  =  ^ax^  +  ^^  or  2^^^  — 
^ax^  — x^  =0. 

Or, 

When /J  =:^;  make  Pi;  =  PA,  and  PC==Ei;: 
then  will  C  be  the  point  in  the  abfcifs  from  which 
the  ordinate  to  the  point  of  Inflection  muft  be 

drawn.     For  then  Vv^—?h^^  =:  3^'  i  =  Ei;  -. 

C;  and,  therefore,  EC  =  j^' ^  — ^  =  .^. 
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Example  III. 

67.  To  find  the  point  of  InHe5ficn  B  In  the  Curve 
ABY^  whofe  Equation  (putting  the  abfcifs  AC 
=  x\  ordinate  CB  -  y^  and  the  perpendicular 
AE  =  a,)'is  ax^  -  d^y  Y^^y* 

^^'         The  Fluxion  of  the  eauation   of   the   curve  js  ; 
aaxk  —  c^y  +  2xvy+^'^v ;  therefore,  y  =  — ^1 '"'  ^^  / 

that   is,  (by   writing   J^l —  for  j' its  value5)j/ = 

•-p^T3 ;   and  the  Fluxion  of  this  equation,  making: 
both  X  and  v  =  o,  is 


o  = =:—- r^- ■ —  ;  which 

mulriplied  by  a^  -\-oc'^\''  and  divided  by  lix"^  gives 

o  ~  a'- ^x^s'^  —  ^a^x^ — ^x^ ;    therefore   4^*  +  4^V 

=  <?*+A'f;  wh'ch  equation  divided  by  \v*-f /?% 
makes  /^x~  —  a^ -^  x^ -^  therefore,  ^x'^  =a^,  and 
ar  —  ^3!\/-^  ;  and,  if  this  value  of  x  be  fubflituted 
for  it  in  the  ^iven  equation  of  the  curve,  we  (hall 
have  y,  or,  the  ordinate  at  the  point  ot  Inflexion 


I 

4' 


ConftruSfion. 

Make  Ae  r=  -|AE  ;  and  with  the  radius  ^E  de*_ 
fcribe  the  arch  EC  :  then  will  C  be  the  point  from 
which  the  ordinate  to  the  point  of  Inflexion  muft 
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be  drawn.  For  then  ^C  ~  |/7,  and  bv  47  E.  i. 
C^*— eA-^  :=  AC\  that  is,  ^a^-^^a'  n  ^a'  zz  AG^ 
=x^y  or  X  =xa^-j. 

Note. 

If  it  were  required  to  find  the  Afymptote  td 
the  curve  :— Suppofe  the  abfci's  and  cuive  to  be 
indefinitely  extended  :  then,  becanfe  x^  will  be 
indefinitely  near  to  equality  with  ^'4-ji?%  we  fliall 

have  jy  (which  by  the  equation  of  the  curve  is  =  a  x 

2 

^ — -,)  indefinitely  near  to  equality  with  the 
d  4-  x^ 

•gi<en  right  line  ^;  that  is_,  j^  will  then  be  =  <7, 
min'^s  ^  quantity  indefinitely  i'lul!.  Wheiefore, 
if  from  the  p  )int  E  a  right  line,  EZ^  be  drawn  pa- 
rallel to  the  axis,  AX,  it  wlI  be  the  Afymptote  re- 
quired. 

Scholium. 

68  In  any  Curve,  in  order  to  know  whether  It 
be  concave  or  convex  towards  any  point  afli  !,ned  in 
the  a:3^ii^ ;  find  the  vaUie  of  J' at  that  point:  then, 
[art.  61.)  if  this  value  of  j/  comes  out  Pofitive,  the 
curve  will  be  convex  tow  ir.ls  the  axi? ;  and  if  it 
comes  out  Negative,  it  wll  be  ccncave. 

Thus,  in  the  laft  Exampl-,  if  it  were  required 
to  find  whether  the  Cur\e  be  at  firft  concave  or 
convex  towards  the  axis  : — Suppofe  ^  =  10,  and 
make  a;  —  i,  or  x  =  any  number  lefs  than  a  \/^ 
or  10    v'l;  then,  becaulie  j' may  here  be  confi- 

dered  to  be  always  as  a^T^* — 4^V— 4;?%  the  ex- 
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preflion  forj/  will  come  ur  Pofiuve  ;  and  there- 
fore, the  curve  is  at  firit  cf-nvex  towards  iie  axis  : 
And,  when  x—  6,  or  x^  .«ny  njir.bci  greater  than 
as/ ^  or  10  V^-j,  the  iai  1  expreiTion  will  C(ri"ne  out 
Negative;  and  therefore,  tnen,  the  cuive  will  be 
concave  towards  the  axis. 


CHAPTER   VI. 

Of  finding  the  Radius  of  Curvature* 

69.  As  the  curvature,  or  convexity,  of  all 
curves,  but  circles,  varies  in  every  point ;  there- 
fore, if  circles  are  defcribed  coinciding  with  a 
given  curve  in  any  number  of  points,  the  Radii  of 
th  ie  circles  will  be  different :  And  the  hnding  of 
thefe  Radii  is  the  bulinefs  of  this  Chapter. 

70.  And,  becaufe  all  curves^  but  circles,  are 
formed  or  generated,  or  may  be  conceived  to  be 
formed  or  generated,  by  the  evolution,  or  winding 
off,  of  fo me  other  curves;  therefore,  the  centres 
of  ihe  circles  which  coincide  or  have  equal  de- 
grees of  curvature  with  the  different  Points  or 
rather  Increments  of  the  curves  thus  formed  or  ge- 
nerated will  aiwnys  be  in  fhe  curves  to  he  unwound; 
Avhich  curves  are  called  the  Evoiufes ;  and  the 
others  formed  or  generated,  or  conceived  to  be 
formed  or  generated,  by  their  evolution,  are  called 
the  InvaluUSt 
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7f .  Thus,  let  DEF  be  any  curve,  called  an  Fig, 
-cvolute;  round  which  conceive  a  thread  to  be  44. 
wound  and  extended  beyond  the  Qurve  from  D  in 
a  right  line  to  A;  and  let  this  thread  be  evolved, 
or  wound  of  ,  from  ihe  curve  DF,  fo  that  it  be 
continually  llretclied  at  it's  full  length  as  it  leaves 
the  curve:  then  will  the  point  A  generate,  or  de- 
fcribe,  the  involute  curve  ABY;  and  the  right 
lines  AD,  BE^  YF,  will  be  the  radii  of  curva- 
ture at  the  poinis  4>  S,  Y,  i-efpediydy^ 

Corollaries, 

1.  The  radius  of  curvature  BE  will  ,ahvays  be 
equal  to  the  length  of  the  curve  ED  and  right  line 
DA  :  and,  confequently,  if  the  vertical  diilance, 
or  (liorteft  radius  DA,  vaniflies;  that  is,  i'f  the 
radius  at  A  be  nothing;  theii,  the  involute  curve 
will  begin  at  D  ;  and  the  curve  DE  will  be  equal 
to  the  radius  of  curvature  at  the  point  B. 

2.  Becaufe  {18  E.  3,)  the  radius  of  ^.circle  Is 
perpendicular  to  the  tangent,  the  radius  of  cur- 
vature at  any  point  B  is  always  perpendicular  to  a 
tangent  at  that  point. 

3.  The  radius  BE,  which  is  perpendicular  to 
the  involute  at  the  point  J^,  is  a  tangent  to  the 
evolute  at  the  point  E. 

PRO5LEM0 

72.  To  deduce  a  General  ExprelTion  for  BE  the 
Radius  of  Curvature  at  any  point  B  in  the 
Involute  Curve  ABY  whole  A:^is  is  AX  and 
Evolute  DE. 

Put  the  abfcifs  AG  zr  ^,  and  ordinate  CB  =: 
jz  and  fuppofe  />£  indefinitely  near  to  BE,  be 
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indefinitely  near  and  parallel  to  BC ;  and  ^m  pa^? 
rallel  to  AX  ;  that  is,  let  Cc  or  B»  =  x\  and 
nb^=:y'.  Then,  B^  being  coniidered  ^s  a  little 
right  line  coinciding  with  a  tangent  to  the  point  B, 
the  right  ar.gled  triangles  '&iih  and  BCH  will  be 
iimilar;  (for  c  EB^  =  Z.  CB«,  ^and  th^^refore, 
the  JL  EB;z  being  common,  the  iL  s  n^b  and 
CBH  are  equal;  ergo^  he.)  and,  the  JL  Bbm 
being  right,  the  right  angled  triangles  mnb  and 
bnB  will,  by  8  E.  6,  be  fimilar  alfo.  Wherefore, 
by  4  E.  6,  B;/  :  nb  ::  BC  I  CH,    that  is,  x' :  y' 

::y:  ~  z=    CHj   and  therefore,  by  47  E.  i» 

■  X 


i 


BH  =  Be  +  cm*  =  /  +^~j     =   L   X 

«'     /  x' 

.?^T7^* ;    alfo,  AH  =  *  +  ■^'  :    Again,  B« 

X 

:  nb  ::  bn  :  /^m,    that  is,  a:  :  y'  11  v'  '  nm  =  ^* 

a; 

V  Bmzzx'  +£ —     Now,  becaufe  the  Diredion 

X' 

of  the  curve  ABY  approaches  continually  nearer 
to  a  ParalleliCm  with  the  axis  AX  ;  therefore,  if 
we  fuppofe  the  abfcifs  (AC  ^  ^,)  to  flow  with  an 
equable  or  uniform  motion,  that  is,  fuppofmg  x* 
ox  X  to  be  invariable,  or  always  of  the  fame  var 
]ue;  then,  the  Increment  of  the  ordinate  (CB 
=^,)  or  the  Velocity  or  Fluxion  with  which  it 
flows,  muft  continually  decreafe ;  that  is,  the 
Second  Moment  or  Scccnd  Fluxion  of  y  will  be 
negative:    and   therefore,  H/^,  the   Increment  of 

AH    viz.  the  Increment  of  x  -f-  ^L,  will  be  = 
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jv'  +  -LJILZL.      Now,   the  triangles   EB//?  and 

^\-\b    are    evidently    fimihr ;    therefore  B;»  — 
H/^  :  B77i  ::   (BE  —  HE=J  BH  :  BE,  char  is, 

V^   4-    y^  I 

=;  BE  ;  or  (^r/.  7.)  BE  =  rr.— • 

Or,  With  the  radius ^EB  defcribe  the  circular  J^/V,. 
Arch  BK;  which  Arch  will  therefore  have  the4j. 
fame  Degree  of  Curvature  with  the  Invokite 
Curve  AB  ar  the  point  B.  Draw  the  radius  EK  pa- 
rallel to  the  axis  AX;  and  produce  the  ordinate 
BC  to  L,  to  which  dravv  AN  parallel.  Put  the 
abfcifs  AC  =  x,  ordinate  CB  =  ?/,  radius  EB  or 
EK  -  r,  KN  iz  a,  and  NA  =  ^;  then,  LE  = 
r— /J — X,  Now,  if  we  f  inpofe  the  abfcifs,  .t,  to 
increafe  uniformly,  and  l^m  to  be  a  tangent  to  the 
point  B;  then,  if  we  draw  mn  parallel  to  BC, 
and  Vm  parallel  to  AX,  by  art.  24.  B;z,  «;;/,  and 
f/?B,  will  be  as  the  Fluxions  of  the  abfcifs,  ordinate, 
'  and  curve,  refpedlively  ;  that  is,  B?2  will  be 
as  *",  nm  as  y,  and  (becaufe  by  47  E.  i  ;  B«?  = 

B«'  +  nirv^y)  Bm  as  x-{-  f^'A-  Now,  the  tri- 
angles  B«m  and  BLE  arc  fimilar^  therefore,  by 
4  E.  6,  B«  :  nm  ::  BL  :  LE,  that  is,  i  \  y  :\  y 
4"  ^  '  r — a-'X  \  V  rx-^ax — xx  =  ^j)  +  jpy-^  the 
Fluxion  of  which  equation  (fuppofirig  x  invaria- 
ble, and  therefore,  the  diredion  of  Uie  curve 
A3  continually  approaching  towards  a  parallelifiii 
with  it's  axis,  the  Fluxion  ofj/  as  negative,)  is 

— i'  zzf-r^yy-^bj  ;   V  x'  -jrf  =  rT~3'    X  }'^ 

G  2 
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Again,  by  4  E.  6,  LB  :  BE  ::  «B  :  B;»,  that  Is^ 


.i  .  rx 


which  fubftituted  for  ^  -jr  jj?  makes  the  above  x^  + 
'i-Ti ;  therefore,  >  H-x  v    ^'  "*"  /^^ 


J 


.  _       ^'^ 


AT^+J' 


;}^i  =  r^v.  ..^'^y' 


=  rij',  that  is,  i-"'  +7;^  —  ri/:  •.• --^1.  =  r 

=  BE  ;  as  before. 

73.  Nple,  When  the  abfcifs,  x,  flows  with  au 
uniform  motion  ;  it  follows  from  ^;7.  6i,  that  the 
ordinate^  1/,  flows  with  a  retarded  motion  when  it 
increafes  and  the  curve  is  concave,  or  when  it  de* 
creafes  and  the  curve  is  convex  towards  the 
axis  ;  and  with  an  accelerated  motion  when  it  de- 
creafcs  and  the  curve  is  concave,  or  when  it  in- 
creafes and  the  curve  is  convex  towards  the  axis. 
Now,  when  y  increafes  with  an  accelerated  motion 
or  it's  Secofjd F/uxion  is  affirmative,  the  General  Ex- 
preffion  for  the  Radius  of  C^irvature  will  be  = 

^       /     ;  where  the  Negative  fign  Hiews  it's  Po- 

— xy 

fition. 

74.  Hence,  becaufe  we  may  fubftitute  i  for 
any  invariable  Flnxion  *  ;  if  we  put  ;r  =  i;,  the 
General  PLxprelfion  for  the  Radius  of  Curvature 

will  be  =  y      -^        when  y  increafes    with   a  re- 

y 

*  The  subslitutirg  uniiy,  or  1,  for  an  invariable  Fluxion, 
has  no  other  effect  than  it's  making  the  operation  less  labori- 
ous ;  and,  in  reality,  it  is  no  more  than  making  vnitt/  the 
Standard  of  the  other  I'kixions,  or  reducing  the  other  Fliuions 
to  a  CijDiparison  v.ith  i . 
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tarded  motion,  or  it's  Second  Fluxion  is  Negative  ; 
and  ~  — __-Z_-^  when  ?/  increafes  with  an  Acce- 

lerated  motion^  or  it's  Second  Fluxion  Is  Affirma- 
tive. The  former  takes  place  when  the  curve  is 
Concave,  and  the  latter  when  it  is  Convex  to- 
wards the  axis. — Wherefore,  if  we  put  the  Equa- 
tion of  the  given  curve,  exprefTing  the  relation 
between  the  abfcifs  x  and  ordiriare  y,  into  Flux- 
ions, making  x  zz  i  ;  ov^  from  the  nature  of  the 
curve^  find  the  value  of  ^c*  =  i  in  terms  of  a*,  y, 
and  J/;  and  then  put  this  ^^a7(?;/Vz/ Equation  into 
Fluxions  again,  ftill  fubftituting  i  for  Xy  and 
making  the  Fluxion  of  y  Negative  when  the 
curve  is  Concave,  and  Affirmative  when  it  is 
Convex  towards  the  axis;  from  thence  the  Values 
of  the  fecond  and  Jquare  of  the  fir  ft  Fluxions  of  y 
may  be  determined  :  which  being  fubftituted  for 
them  in  one  of  thefe  two  general  expreffions,  viz. 
in  the  former  when  the  Fluxion  of  j/  is  Negative^ 
and  in  the  latter  when  it  is  Affirmative;  we  (hall 
have  a  definitive  expreffion  for  BE,  that  is,  an 
expreffion  for  it  free  Irom  Fluxions,  or,  the  Ra- 
dius of  Curvature  requil'edi 

iJoUi 

"jc^i  The  Vertical  Kiftance,  or  Radius  AD,  may 
be  obtained,  by  writing  for  x  and  y  their  values, 
in  the  General  Expreffion  fot  the  Subnormal  CH, 

which  was  found  in  art*  72.  (=  -^—y  that  is,  by 
writing  i  for/,  and  j/ for  ^',)  =•2'.  or,  making 

03 
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^  rz  I,  by  ftibftituting  the  value  of  JK  \n  yj,  that 
is,  by  miiltiplyine  the  value  of  y  by;'  ^  and  then 
n^aking  y  vaniili  in  the  definitive  expreflion  which 
will  then  be  found, — For,  the  expreflion  for  the 
Subnormal  CH  being  the  fame  at  whatever  point 
in  the  curve  B  is  taken;  therefore,  if  it  be  taken 
ar  A,  where  2/  vanifhes  or  becomes  =  o,  the  point 
C  mnfl:  of  confeqnence  coincide  with  the  vertex 
A,  and  the  points  E  and  H  with  D  :  therefore,  &c,. 

Example  I. 

Fig.     76.  To  find  the  Radius  of  Curvature  at  any  point 
46.  B  in  the  Parabola  AY, 

Put  the  parameter  =  a,  abfcifs  AC  ~  at,  and 
ordinate  CB  —  v.  Now,  by  a  well  known 
property  of  the  curve,  ax  zz  y^  -,  the  Fluxion 
of  which   equation  is  ax  zr  zyy^  or,  making  ^  zz 

I,  It  IS  ^  =  2yy  ;  therefore,  y  zz  —zz 


2^/  2  X  axy 

for  r/ is  =  «aJ3  by  the  equation  of  the  curve: 
And  the  Fluxion  of  this  equation  again,  (the  di- 
redion  of  the  curve  approaching  continually  to- 
wards a  parallelifm  with  tlie  axis,  and  therefore 
the  Fluxion  of  y  being  negative,  art,  61.)  is — y 

~ -n"  ^  :  Whence,  1/2  =  — _ — ==  —  ,  andy= 

4X^"  4Xax      4^ 

Now,   if  for  y'  and  y  we  fubfl:itute 


4Xaa'l-| 

thefe  their  values,  we  fhall  have  i~tZ_,  the  ge- 


y 
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neral  expreffion  for  the  Radius  of  Curvature  BE 


{arf.  74.)   = 


I  +  —              — .3 
407      X  4  ax)^'  _ 

4ax  -A-  a^]l 

c 

Construction. 

Through  the  point  B  defcribe  the  fcmicircle 
ABn ;  bifed  Cn  m  H ;  make  Hr  =  2AC  •,  and 
drop  the  Pv  rpcndicular  rE,  terminated  by  the 
right  line  Bii*  drawn  through  the  point  H:  then 
will  BE  be  the  Radius  of  dirvature  at  the  point 

B.     For  by  35  E.  3.  EC  -AG  x  C;;,  or  ^, 
=  CfJ.  that  is,  —  z=z    a   z=   Cn,    and    therefore 

X 

CH  =  I  ^,  ^nd  Cr   :=z   ^  a  4-   2x :    by47E.  i. 

CH'  -h  CB^V  =  BH,  that  is,  f^^M^"^^  =BH; 
and  by  4  E.  6.  CH  :  HB  ::  Cr  :  B£,  that  is,  ^a 

:  |?T^^ ::  i^ -i- 2^  : -±i-    x  i^FTlD'^ 


__^+4^^*^  BE, 

25* 


Note; 


77.  By  writing  forj/  its  value  — ,  in  yy,    {art. 

a 
75.)  we  have  -  or  ^a  =  AD  the  vertical  Diftance, 

04 
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Fig, 

47- 


Which  fame  Truth  may  be  inferred  from  the  ex- 
preirion  for  the  Radius  BE ;  for,  when  the  faid 
Radius  becomes  the  vertical  Diftance,  that  is, 
when  the  point  B  coincides  with  A,  x  vanifiiesj 
and  therefore,  by  ftriking  ^ax  out  of  the  (aid  ex- 

preffion,  we  have  - — —  z=^  ~a ;  as  before. 


Example    II. 

I'S.  To  find  the  Radius  of  Gurvature  at  any  point 
B  in.  the  Cycloid  ABD  *. 

Put  the  radius  OF  or  OD  =  a,  abfcffs  AC  =  ^, 
ordinate  CB  =  y^  fine  IG  =  s,  and  arch  FG  =  z. 

Now,  by  2>S  E-  5.  IG  r=*Drx  IF  =,  that  is,  s  ^ 

day  — /ja;  the  Fluxion  of  which  equation  is  i  1= 

ay  —  yy 
— -^ r :  And  by  the  nature  of  the  Cycloid, 

^ay  —  f^  V  ^  ' 

(^r/.  35.)  arch  DG  =  GB ;  and  therefore,  arch 
FG  =:  Gl  4-  AC.  or  AC  =  arch  FG  -  GI,  that 
is,  a;—  .^  —  J  =1:  (by  fubdituxing  for  &  it's  above 

value,)  % —  lay  —  j/"^^;  and  the  Fluxion  of  this 

yy  —  ay 
equation,  making  ;c  =1,  is  i  =:  2;  +  trr^rrr— 

But  i^art,  72.) 2;  =  "''+  yl^zr  (by  writing  for  ^ 

it  s  above  value.)  • ~.^   -f  >'a     =  ■■ t1: 

'^  2ay  —7-    ^  ^    I  iay~f%^ 

*  See  how^tliis  Curve  may  be  generated,  art.  35.  note. 
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which  fubftituted  for  z  makes  the  above  equation 

ay.  yy  —  ay 

J  -.  ^-,^_^,,,,^^   ^  __,,,^        .    that    IS,     I    == 

2ay  ' — jy*  ]3  2«j  —  y  l"- 

yy     ■-- ;    therefore  j/   =    — ^^^^ — ■^—' ;       and 

the     B'luxion     of     this     equation     (the    Flux- 
ion    of    y     being      negative,)      >s    --—   j     = 

writing  for jK  it's  equal,)  —  —  j  that  is,  y  =  _ 

y  y  . 

Now,  by  fubftituting  L^^-~2-  forj/^,  and  _-   for 


y^  we  have,  by  art.  74.  LlrLLr: . --L___ 

>•  ^ 

:^  — ^  =    i.2ayi  z=z  BE  the  Radius  of  Curvature 

ay  '^ 

required. 

Conjlrudion. 

Make  FH  =  GB ;  and  through  the  point  H 
'  draw  the  right  hne  BE,  making  BH  =:  HE  =2 
chord  GF  :  then  will  BE  be  the  Radius  of  Cur- 
vature at  the  point  B.  For  art,  35,  a  tangent  to 
the  point  B  is  parallel  to  the  cho'-d  DG,  and 
by  art.  71,  corol.  a,  the  Radius  of  Curvature  is 
always  perpendicular  to  the    tangent  ;    therqforc^ 
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becaufe  by  31  E.  3.  the  A  DGF  is  right  BE 
mufl  be  parallel  to  the  chord  GF.  Now,  by 
4  and  8  E.  6.  DP  :  FG  ::  GF  :  FI  or  CB,  V 

G¥-Wx'C^\i-2^:i,  and  2GF  =  2.1^» 
=  BE. 

Noie. 
79.  By  arti  75.  if  we  multiply  the  value  ofj/, 
viz.  -i2 — Z_,  by_y;  we  (ball  have  the  Sabnor- 

y 

m^\  CH  z=z  2ay — f\\\  which,  when  y  vanifhes, 
becomes  zr  o,  and  equal  to  the  vertical  D!n:ance: 
{o  that  the  Vertices  of  the  Evolute  and  Involute 
Curves  coincide. 


Example  III. 

Pirr^     80.  To  find  the  Radius  of  Curvature  at  any  point 
4$,  B   in  the  Curve  AD  ;    whofe  nature  is  fuch, 

that  the  Triangle  CBT,  made  of  the  Ordi- 
nate, Tangent,  and  Subtangent,  is  always  pro- 
portional to  the  Ordinate  CB ;  or,  whofe  Sub- 
tangent  CT  is  equal  to  a  given  line  ==:  a.  (See 
art.  36.) 

Put  GC  zz  x^  and  CB  =  y ;  then,  by  art.  iCj, 

-L  ^=.  a^  that  is,  if  x  be  made  —  i,  i  z:  « ;  v  y 
y  ^  y 

zs=zL;  therefore,  J/'' rrd.,    and   (becaufe   here  v 
a  a 

ilows  with  an  accelerated  motion,  or  it's  Second 
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Fluxion  is  affirmative,)  j^  =-^>  that  is,  (byfub- 


a 


ftituting  :il^  for  J/  it's  value,)  y  zz  -^.      Now,  'hj 
a  a 

writing  for  y^  and  j/  thefe  their  values,   in  j  jy  ' ^ 


^L 


(jr/.  74.)  we  have =z zi 

the  Radius  of  Curvature  fought :  Where  the  Ne- 
gative fign  only  (hews,  that  the  Evolute  and  Ra- 
dius of  Curvature  lie  on  the  other  iide  of  the 
curve  with  regard  to  x  and  y. 


C.  nfiru5fion. 

Draw  B«  'parallel  to  CT,  In  perpendicular 
to  TB,  »E  perpendicular  to  «B,  and  BE  pa- 
rallel to  T/i:  then  will  BE  be  the  Radius  of 
Curvature  at  the  point  B.    For,  by  47  E.  i.  BT  = 

TC^  +  Cb¥  -  1Tf\^y  and  by  4  E.  6.  CT  :  TB 

::  TB  :  B«,  that  is,  a  : '?  -\-y%  ::  S^T/l^  : 

1±2:!  =  B;2;  and,  CB  :  BT  ::  kB  :  BE,  that  is, 
a 


^ '  ^+?^  ::  €±l :  l\±£L^  =  BE. 

a  ay 


f» 
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Example  IV, 


lig'     8i.  To  find  the  Radius  of  Curvattire  at  any  jjoirtt 
49*  B   in  the   Curve  AD  ;  whofe   nature  is  lueh^ 

that  the  Tangent  BX  is  every-where  equal  to  a 

given  line  =  a. 

Put  GC  -=  x^  and  CB  ~  y ;  then,  by  47  E.  id 
TB'^  BC^2  =  CTj  that  is,  ?^^^  =  CT  = 

(mt,  25.)  -^1  or,  making  x  ==z  i,  a^'-fh   z=rz 


y 


..2 


y.\   -:  y=  "-^x ;  therefore >'  ±  -r-^-^'  ^^^ 
(becaufe  the  Fluxion  of  ^v  is  affirmative^)  y  zz 

.  —. — ..I  ,    fy 

^ -x i ——-^    ^hat  is,    by   fubftituting 

for  jK  It's  value,  y   n   — -.3-1—   =   '^::i;r^)^. 
Now  by  writing  for  j/^  and  j' thefe  their  values,  in 

iiLi,  (^r/.  740  we  have .fJZ^lTlI 

"^'^  .  ""^'^ 

^^"^'   X   <^- — yi^  ^      — - — ^r 

=2  -— 5 ^^— ==  —  ~-^  X^ -^/]7--  the  Radius 

ay  7 

of  Curvature  required  :  Where  the  Negative  fi^ 
(hews  it's  pofition. 
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Conflruifion. 

On  the  extremity  of  the  fubtangent,  T,  ereft 
fbe  perpendicular  TE  ;  and  draw  the  right  line 
BE  perpendicular  to  the  tangent  TB:  then  will 
BE  be  th-  Radius  of  Curvature  at  the  point  B; 
or,  the  point  E  v\'il  be  in  the  Evolute  Curve, 
For,  the  triangles  CBT  and  BTE  will  be  finnilar  ; 
and  therefore,  by  4  E.  6.   BC  :  CT  ::  TB  :  BE, 

that  is,  y  :  a'—y)^  ::  a'.--x  ^'— v'^  =  BE. 

'  y 

82.  The  General  Expreffion  for  the  Radius  of 
Curvature  found  in  art.  74.  being  only  for  Curves 
referred  to  an  Axis;  we  Hiall  now  deduce  one  for 
Spira's^  or  thofe  Curves  whofe  ordinates  are  re- 
ferred to  a  fixed  or  central  Point. 

83.  Let  CBY  be  the  Curve;  C  the  central 
point,  or  that  from  which  all  the  ordinates  iflue ; 
and  BE  the  Radius  of  Curvature  at  the  point  B, 
that  is,  let  the  point  E  be  fuppoled  in  the  Evolute  Fig, 
Curve :  conceive  (3^  and  \Lb  indefinitely  near  to  50. 
CB  and  EB,  that  is,  let  the  points  B  and  h  be 
fupoofed  indefinitely  near  to  each  other ;  and  let 
CF  and  C/  be  perpendicular  to  EB  and  EZ?  re- 
fpedively  :  then  will  the  points  P  and  r  be  inde- 
finitely near  10  a  coincidence  ;  and  therefore,   art, 

7.  Br  and  Cr  may  be  taken  as  equal  to  BF  and 
CF.  Now,  if  with  the  ordmare  CB,  as  a  radius, 
the  little  circular  arch  B;?  be  defcribed  and  confi- 
dered  as  a  little  right  line  perpendicular  to  C^;  and 
the  increment  B^  be  confidered  as  coinciding  with 
a  tangent  to  the  point  B  ;  then,  the  little  right- 
angled  triangle  l^nh  will  be  funiUr  to  the  right- 
angled  triangle  Bi^X 5  (for   A  CB//  :=.    L  EB^; 
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and  therefore,  L.  EBn  being  common,  the  z.  CBF 
=  /-  nBb  ;  and  confequently,  the  angles  at  F  and 
»  being  right,  z.  BCF  zz  A  B^«  ;)  therefore,  by 
4E.  6,  Z'B  :  B«  ::  CB  :  BF;  that  is,  (if  we  put 
the  ordinate  CB  zz  y,  Bn  zz  x',  and  nb  ~^',  when 

by  47  E.  I.  Bi^  will  be  1=  x'  +  /%)  x'' -{-y'^i-.x' 
..  y  :  — ^±^  =  BF  or  Br ;  and  Bb  :  bn  ::  BC 

:  CF,  that  is,  PTj^r-  :  f  ::  /:  ;7f^i'=  CF 

or  Cr ;  the  Increment  of  which  is  rf; 
that      is,      (fuppofing     x'     to     be      invariable) 

x''^'^y'-\'^     

xy^-\-y'^-^yx'y' 

o  - '^^"  -aI =   ^«      -Again,    the  triangles 

EBb  and  Er/"  being  iimilar,  B^  —  r/:  B^  :: 
(BE  —  rE,   or)    rB:BEi    that  is,  (P^fy^i 


or,  <2r/.  7.  BE  ~  -.^       .^  ^  — . ;  which  is  a  Ge- 


A^^-h^K* — yxy 


neral  Exprefiion  for  the  Radius  of  Curvature  of 
all  Curves  referred  to  a  fixed  or  central  Pointy 
when  x^  or  x  is  invariable. 
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84.  Hence,  if  x  be  made  =  i,  the  General 
ExprefTion  for  the  Radius  of  Curvature  will  be  == 

•LLiJ!l___k. — Wherefore,  if  we  put  the  Equation 

of  the  given  Spiral  into  Fluxions,  (making  x  =3 
I,)  and  put  \\\n  fluitonal  Equation  into  Fluxions 
again ;  and  from  thence,  ©r  from  the  nature  of 
the  curve,  find  the  values  of  j/'"  andjy:  then,  if 
for  y^  and  y  we  fubftitute  thefe  their  values,  in 
this  General  Expremon,  we  Ihall  have  BE  the 
Radius  of  Curvature  required:  As  in  the  follow- 
ing Examples. 


Example  I, 

Z^,  To  find  the  Radius  of  Curvature  at  any  point  Fig, 
B  in  the  Spiral  oi  Archimedes^  CB,  &c*.  51. 

Put  the^ circumference  of  the  generating  circle 
AF,  &c.  =  ^,  and  it's  radius  CA  =  Z^;  ordinate 
CB  r:  jy,  arch  AF  =  z.  Let  C/  be  fuppofed  in- 
definitely near  to  CF,  that  is,  let  the  z.  FC/  be 
fqppofed  indefinitely  fmall ;  and  with  the  ordinate 
CB  as  a  radius,  deicnbe  the  little  circular  arch  B;j, 
which  put  =  X' i  alio,  put   ¥f  =    t:'.     Now,  by 

the  nature  of  the  curve,  a:  h  V,  z-.y,  ov  z  zz^* 

^  b 


the  Fluxion  of  which  equation  is  i;  r::  —  :    and. 


b  * 
by  the  fimilar  fe(5lors  CB;/  and  CF/,  y  :  x'  u  b\z,'=^ 

*  See  how  this  Curve  is  generated,  art,  39.  note. 
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-_,  or,  art,  n,  z Hence  JL  =  "^'^  ;  that 

y  y  ^       ^ , 

is,  (making  x  =^  i,)  ^  :^  -;  from  which  equa- 
^         y 

P  b* 

tion  we  havejj/  =  —  ;  therefore  j/"*  =  — — ,    and  y    I 

—  ab~  y         /,  •  •       r      •  •  »        IV  — i^* 

n fL  r:   (by  writing  for  j/  it  s  value,)  __  - 

And,  if   we  fubftitute  for  j/^  and  y    thefe  their 

~"r>     7 

values,  we  (tall  have -1 -2—     (art,    Sa.)     zz 

*     ^       M    ^  ^3^^-f2^^  ^  ^^'  ^^'^  Radius  of 
Curvature  fought. 

Conjlrudion, 

Through  the  center  C  draw  the  indefinite  right 
line  ¥{v  perpendicular  to  the  ordinate  CB  ;  draw 
the  tangent  TB,'  perpendicular  to  which  draw» 
BH  ;  produce  BC  to  V,  making  BR  =  TH,  and 
RV  =  CH  :  with  BV  and  BR,  as  radii,  defcribe 
the  arches  Vi;  and  Rr,  draw  the  right  line  'yB; 
and  from  the  interfeding  point  r  draw  rE  pa- 
rallel to  vYl :  then  will  BE  be  the  Radius  of 
Curvature  at  the  point  B.     For,  {art,  39.)  CT  = 

^1,  that  is,  by  fubflituting  2>1  for  2,  CT  =:  ^i 
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and  by  3  and  4  E.  6.  TC  :  CB  ::  CB  :  CH,  thar 

is,  "^Aiyiiyi^ziiCli;  therefore  TH  zz  BR=: 
^^  a 

Br  =  ^V-^>  and  BV  =  B'y  :=  j|!_  +  ^and 


by  47  E.  I.  HB  =  BC^  4-  Cff^i  =  /  +4,    = 


e!i±i!!:  Again,  by4E.6.  Bi;:  BH  ::  Br  :  BE, 
a        ' 

that  is,     ^   +    ^:     ZZ±±l^::3r^_^: 
?T±I}  ^  X  ^L±^  -  ZZ±I^  -  BE 


Example  IL 

86.     To  find  the  Radius  of  Curvature  at  any  point  Fig* 
B  in  the  Logarithmic  Spiral  CBY  ;  whofe  Equa-    5  2 
tion  (putting  the  ordinate  CB  =  y,  curve  CB 
—  z,  and  ^  and  ^  for  two  given  quantities,)  is 
az  ziby.  (See  art,  40.) 

The  Fluxion  of  the  equation  of  the  curve  is  az 
=:  by  ;  therefore  zzz  2.    Let  the  angle  BC^  be 

fuppofed  indefinitely  fmall ;  and  with  the  ordinate 
CB,  as  a  radius,  let  the  little  circular  arch  B«  be 
defcribed.    Now,  if  we  confider  Bw  as  a  little  right 


t 


9S 
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line   perpendicular  to  C^,  and  B^  as  a  little   right 
line  coinciding    with  a    tangent  to   the    point  B; 


then,  by  47  E.  I.  BZ?  =:  B/r  -f-  ;S«]'^,  that  is, 
(putting  B;z  ~  a;',  nh—y>,  and  BZ?  =  z',)  2>' =: 
^/a  H-j|''«  2,  or,  by  fubftitiiting  the  Fluxion  for  the 
Increment,  z  z=z  x^  -f-j'"  4,  that  is,  (if  we  put  x  n 

I5)  i  3:  1  -rf'^r     Hence  --  iz  i  -i- y'\i  ;  which 


equation  fquared 


IS   ,.„/  ,     ZZ    I 


4- J/' ;  aad  thispro- 


duces  >'  I- _ ;    therefore,  y    =  7 ri  ; 

and,  this  being   an  invariable  quantity,  therefore 
y  zz  o.     Now,  by  writing  for  f  andj/  thele  their  \ 
values,  the  general   expreffion '  for   the   Radius  of  ■ 

J 

;2       2.' 


Curvature,  viz,  ^^ ^ ~  <3;7. 84.  will  become 


C    ■ —  a~ 


=   J  X 


I 

"f 

b' 

—   ^' 

—  0 

l> 

I  _ 

¥  - 

-BE, 

the  Radius  of 

— 

II 

Con, 

lru5fio?u 

•Q  =.x  < 


Xiaw  :he  tangent  1  B  ;  perpendicular  to  which 
draw  tLe  lighi    line    hE,  terminated  by  the   fub'* 
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tangent  TC  produced  :  then  will  die  point  E  hQ 
in  the  Evolutc  curve;  or,  the  right  line  BE  will 
be  the  Radius  of  Curvature  at  the  point  B.  For 
then  (TE  being  perpendicular  to  the  ordinate  CB,) 
by  8  E.  6.  the  triangles  CTB  and  CBE  will  be  li- 
milar ;  and  therefore,  by  4  E.  6.  CT  :  TB  ::  CB  : 
BE;  that  is,   ( bccauie    by  a^t.  40.   CT  :  TB :: 

F^Z^h  z,,)  F=r^^  b  ::y:yx  ^^i=^;f =BE. 


CHAPTER   VII. 


Of  Ending  the  Nature  of  the  Evolute  of  a  given 
InvQlute  Curve, 

As  it  is  abfolutely  neceflary  for  the  Learner  to 
be  well  acquainted  vvith  the  foregoing  Chapter  be- 
fore he  enters  upon  this,  we  fhali  not  here  define 
the  meaning  of  Evolute  and  Involute  curves,  ic 
being  fufficiently  explained  therein, 

87,  Let  BE  be  the  Radius  of  I^olntion  {or  /t/t, 
Curvature)  at  any  point  B  in  the  Involute  curve  f  2, 
AB,  whofe  abfcifs  is  AC  ==^,  and  ordinate  CB  zz 
y.  Parallel  to  HA  draw  EN  j  produce  BC  to  L  ; 
and^  equal  and  parallel  to  CL, draw  DN  from  the 
vertex  of  the  EvoIuteDE.  Then  will  the  triangles 
BHC   and  BEL  be   fimilar;  and  therefore,    Ly 

H  2 
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4  E.  6.  BH  :  HC  ::  BE  :  EL,  that  is,  (by  art.  72 


3 

',2   T' 


.12 


^12  =  EL  ;  and  HC  :  CB  ::  EL  :  LB,  that 
xy 

is,  t  -.y.-.y  X  ^!_+il:  flJL^  =LB.  Now, 

X  xy  y 

thefe  are  General  Expreflions  for  EL  and  LB, 
whence"  is  confidered  as  invariable,  and  the  Fluxion 
of  J/  as  negative.     Hence  therefore, 

88.     If^  z=  I,  and  the  Fluxion  of  j/ be   nega- 
tive J  the  General  ExprefTion  for  BL  will  be  zr 


L-ZJL,  and  this  multiplied  by  3/ is  J/  xJLl-Z    = 

y  y 

the  General  ExprefTion  for  LE.  Now,  by  help 
of  the  Equation  of  the  given  Involute  curve,  ex- 
terrninatej/,  J)^  and  y^  out  of  thefe  exprefTions,  as 
in  the  preceding  Chapter  j  and,  by  art,  y^*  ^"^ 
the  vertical  diftance  AD.  Then,  if  we  put  the 
abfcifs  of  the  Evolutc  DN  =  «,  and  it's  ordinate 
NE  =:  'y  ;  by  help  of  thefe  two  equations,  u  ~ 
BL  —  BC,  and  'y  =  AC  —  AD  +  LE,  we  may 
get  the  Nature  of  the  Evolute  curve  DE  required, 

89.  Ncte.  If  the  given  Involute  be  convex 
towards  ir'&  axis,  and,  x  and  y  increafe  together, 
or  the  Fluxions  of  x  and  jf  be  both  affirmative  ; 
then,  the  General  Expreffions  for  BL  and  LE  will 

bei-iJL  and   y  X  JLjliL  refpectively  ;  where- 

.  —y  —y 

in,  the  Negative  fign   (hews,  that,  the  points  L 
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and  E  muft  be  taken  on  the  Concave  (ide  of  the 
Involute  curve,  that  is,  on  the  other  fide  of  it  with 
regard  to  ;vand/. 


Example  1. 


90.     To  find  the  Nature  of  the  Curve  CE,  by- 
whofe  Evolution  the  Parabola  AB  is  defcribed. 

Put  AC  =  ^,  CB  =  J  J  and  DN  ==«,NE  = 

nj.    Now,  {by  art.  ^6.) y  =  — ~,  f  =  — j 

2  rS*  ^ 

and  y  r= ^=:^  ;  which  values  of  j/,  y^y  and  y, 

4  X  ax\^ 

being  fubftituted  for  them,  make  the  General  Ex- 
preflion  forBL,  i;/2r —JL^  {art.  88.)   become 

y 


I  +  1  X  4."^^ si 


4^  _^    4x  +  a  X  ax\  .     and 


^^  a 


that  for  LE,  -y/z.j/  x  LJlJL.  =  y   x    BL   = 
Z z:  2a;  +  ^  tf.  Hence, 


2  X  ax 


S^ 


X 


t.  r=BL  -  BC)=llJ_iif^  _  ^^  or)aP^ 


-^^ 


"3 
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Fig 


__  ^xmPY- 


and  (becaufe  by  art,  77.  the  vertical 


difiance  AD  is  zz  1-  a,)  v  {=  AC  —  AD  +  LE) 

zn  X'-^^a  -j-  2X  +  ^a  zz  '^x.      Now,  the  former 

ofthtfe  two  equations  produces  y^  zz  ,^^  .  ;    and, 

16 

the  cube  of  the  latter,  divided  by  27,  is  x^  ~ 
""1 :    therefore,    f:i  =  !l,    an'^  2If.   m^  =  t;' ; 

27  16  27  16 

which  is  the  equation  of  the  Curve  DE,  expreffing 
the  relation  between  the  abfcifs  and  ordinate;  and, 
the  Equation  of  the  Semicubical  Parabola  (whofe 

parameter  is — —- y)    being  the  fame;    therefore, 
16 

the  Evolute  DE  is  a  Seinicubkal  ParahoJay  whofe 
vertex  is  D. 


Example   II. 


91.     To  find  the  Nature  of  the  Curve  AEP,  by 
^  whofe  Evolution  the  Ci/cloid  ABD  is  defcribed.* 

Put  AC=r;v,  CB=rj/,arch  FG  =  2,  andOD  or  OF 


=  .;  then(.r..  78.)i  =  l^lIZj) Kf  ='-^Zf, 


See  in  what  maniicr  a  Cycloid  h  generated,  art*  25,  note. 
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andy=f-:  wherefore,  (^r/,  88.)  BL  =:_L±JL  ^ 

f_ y 

,    ,     2ay — y        2 

c =  2?/,  and  LE  -.=:j  x  BL=: 


1 


— ^!^ ^^ —  X  2 7/  =:  2.2^j/  —  y^  2  ,     Hence,  it  wc 

put  the  abfclfs   AN  z:  /^,  and  ordinate  NE  ir  't^ 
we  have  u(zz  BL  —  CB  zz )  it/  — y  =  ?y,  and  v 


=  (  AC  +  LE  zz)  a:  +  2.2a?/— /V,     that    is, 
(becaufe,  ^r/.  78.  ;c  =  «  —  2^^  —  F  ^  >)    'z:'  =  ^ 


4.  2ai/  —  y^^ ",  or,  (writing  //  for 3/  it's  equal,)  ^ 
=  2;  +  2^«  —  w'^*.  Wherefore,  the  Evolutc 
curve  AEP  is  a  Cycloid,  and  equal  to  the  given 
Cycloid  ABD.  For,  let  AS  =  SV  =  a,  then 
(AN  being zzFI,)  AT  =  FG  zi  z,  and  NT  zz 
2a«  —  z^"^^!  zz:  IG  ;  and  therefore  AT  4.  T  N  =  ;j 

+  2tf«  — «'^^  that  is,  AT  +  TN  =^  NE  ;  which 
is  the  property  of  the  Cycloid  :  therefore,  the  Evo- 
lute  AEP  is  a  Cycloid;  and,  becanfe  AV  zr  FD, 
therefore  the  Cycloids  AEP  and  ABD  are  equal. 

Example     III. 

92.  To  find  the  Nature  of  the  Evolute  of  the  />v 
Curve  AD,  whofc  Tangent  BT  is  every-where  r^, 
€qual  to  a  given  line  =  a. 

Let  BE  be  the  Radius  of  Curvature  at  the  point 
B;  then  {art.  Si.)  if  a  perpendicular    be  erected 

H  4 
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on  the  point  T,  it  will  pafs  through  the  point  Ej 
wherefore,  when  the  point  T  coincides  with  F, 
that  is,  when  the  tangent  and  ordinate  become  equal 
or  the  points  B  and  D  coincide,  the  point  E  will 
likewife  coincide  with  D  :  confequently,  the  Ver. 
tex  of  the  Evolute  coincides  with  that  of  the  In- 
volute. 

Put  GF  =  h,  GC  ==  X,  CB  zz  7/,  DN  zz  «, 


andNE=iy;  then,   {art.  8i.)j/  zr       ^ 


i  :*      i 


?  —  /!%> 

---__^Z — --,  and  v~  — '-^—r* '  wherefore,    {art. 
a  — if  a*  —  y^ 

89.)  BL  zz  i-±-2:=:i+-Xl,  X  -   ?=?] 

-^Lziyl,  and  LE=  y  X  BL  =  ^ ,   ^ 

^        '^    zz  —  ^^  —  y^)  I  that  is,    (becaufe  the 

—y 

Negative  fign  only  (hews  that  the  points  L  and  E 
mud  be  taken  on  the  Concave  fide  of  the  Involute 

curve  DA,)  BL  =llz:l_*  and  LE  ^  a^  —y'^^^ 

y 

Hence   we  have   u  zz  {LB  +   BC  —  DF  zz  ) 

^+2/  —  a,  which  equation  gives  yzz 

3/  '  u  +   a 


a"  u 


and  therefore  j  =  — >     ;    alfo,   v  =  (GF  — 


u  -h  a^ 


GC  +  CT  =:)b—x  +  a^  —  y^^  ,   and  there- 
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forei  =  -  ^  -  ^=E=^=rbecaufe  by  art.  8i. 
CT  =  ^=a^^Z^i,  or,  x  =2.x«'-r1*.) 

that  is,  (by  writing  for  1/  and  j/  their  above  values 
affected  with  u  and  «,)«=:         ^"        - ;  which  is 

an  Equation  for  the  Evolute  DE^  and  is  alfo  an 
Equation  of  the  Catenary  curve  :  therefore,  the 
Evolute  DE  is  the  Catenary* 

Or,  The  above  Equation  of  the  Evolute  may 
be  found  thus.— Let  En  zz  u\  and  ne  =v' -,  then, 
the  triangles  enE  and  TBE  being  fimilar,  we  have, 
by  4  E.  6.  e«  :  «E  ::  TB  :  BE,  that  is,  i;'  \u 


«  :  ",   =  BE,  or  (ari.j.)^  =  BE;    but,    by 

47  E.  I.  BE  n  ET*  — TB-1\  that  is,  (becaufe' 
ET  =  NF  zz  «  +  a,)  BE  =  «ir^^_^'^^  = 
^*  +  2au^^:  therefore,  ^  —  «*  -f  2^^  and  iz: 


a2£ 


n"^  +  ^  au^ 


;  as  before.  Scho. 


*  The  Catenary  is  a  Curve,  as  ADB  or   adh,  formed  by  a  p- 
flexible  line  or  chain  hanging  freely  from  two  points  of  sus-     ^* 
pension,  A  and  B,  or  a  and  I;  whether  the  said  points  be  5^* 
horizontal  or  not. 
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Scholium, 

93,  The  Evolute  of  a  Spiral^  or  indeed  of  any 
other  Curve,  may  be  defcribed,  by  finding  the 
Radii  of  Curvature  at  feveral  points  in  the  Invo- 
lute ;  for  then  we  fliall  have  as  many  points  in  the 
Evolute;  through  which,  if  a  Curve  line  be  drawn^ 
it  will  be  the  Evolute  fought. 


loy 


PART    11. 


CHAP.    I. 


Of  Infinite  Series*. 

As  the  learner  may,  perhaps,  be  unacquainted 
with  Infinite  Series^  the  knowledge  of  which  is 
fometimes  abolutely  necefTary,  in  order  to  find  the 
Fluents  (or  flowing  quantities)  of  tluxions  expref- 
fed  in  a  Fradiionai  manner,  and  of  fuch  wherein 
there  are  Surds  or  Radical  quantities  ;  and,  be- 
caufe  in  fome  of  the  following  pages  the  Fluents  of 
fuch  Fluxional  exprefiions  are  to  be  found ;  the 
adding  of  this  Chapter  may  therefore  not  be  im- 
proper, though  it  is,  in  fome  meafure,  foreign  to 
the  bufmefs  in  hand. 

Prob. 

*  The  Methods  of  reducing  compound  expressions  into  In- 
f^ite  Series,  by  division  and  extracting  of  roots,  as  taught  in 
this  Chapter,  were  invented  by  the  great  Inventor  of  Fluxions 
about  the  year  l664  j  who  at  the  same  time,  or  rather  a  little 
before,  invented  the  celebrated  Binomial  Theonm, 


loS  An  IniroduSfion  to  the 

PROBLEM.  I. 


To  reduce  a  compound  Fradlional  expreffion  into 
an  Infinite  Series  s  that  is,  into  a  number  of 
terms,  which,  if  infinitely  continued,  fliall  be 
equal  to  the  given  fradional  expreffion. 


Example    1. 


94,     To  reduce into  an  Infinite  Series. 


Place  the  denominator  ^  -f-  ;tf  as  a  divifor^  and 
the  numerator  /?  as  a  dividend ;  and  divide,  as  in 
common  algebraic  divifion,  until  you  have  4,  5,  6, 
or  more  terms  in  the  Quotient  j  after  which  you 
may  find  as  many  terms  as  you  pleafe,  by  only 
confidering  the  law  of  the  progreffion  of  the  terms 
already  found.     Thus,  the  four  firft  terms  being 

b  bx  ,  bx^  hx'^  ,r  ^  .•  u  1  > 
~  +  — —  — ,  (lee  the  operation  below,) 

a      a"-        a^         a""     ^  ^  ' 

the  law  of  the  continuation  of  the  divifion,  or  of 
the  Series,  is  plain ;  for  each  Succeeding  term  is 
evidently  produced   by  multiplying  the  Preceding 

by  —  ^;  and  confequently,  the  fifth  term   will 
a 

bc+-^,  the  fixth  term  —  -^,  &c, 
a^  a 
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Operation, 


a        a""  a^  a* 

7    I    ^^ 
a 


bx 


°-« 


ix      hx'^ 


a 


bx'       l^A 


a" 


bx^ 

Oi^,  If  we  put  X  before  a,  in  the  denominator  of 
the  above  fractional  expreffion  j  that  is,  if  the  di- 
vifor  be   placed  thus,  x  -{-  a,  inftead  of  « +  ^  5 

then  the  Quotient,  or   Series^   will  be 1- 

X        X* 

—rr  —  ~r—  +  £ffc.      Whence,    the  law  of  the 

«••*        X  ■ 
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continuation  of  the  Series  may   be  obferved  as 
before. 


Scholium. 

95.  In  General,  in  order  to  have  a  true  or 
converging  Series,  or  that  in  which  the  terms  con- 
tinually Decreafe,  the  Greateft  term  muft  be  placed 
iirfl:.  Thus,  in  the  above  Example,  if  a  be 
greater  than  x  5   then  a  muft  be  the  firft  term   in 

the  divifor,  and  A  _  ^-^  +^_^'  r  ^c.  will 

be  the  true  Scries:  But  li x  be  greater  than  a;^ 
then  a:  must   be  the  firft  term  in  the  divifor,  and 

r  H -, r-  +  efc.  will   be  the  true 

Series  ;  the  other,  then,  being  a  diverging  one, 
the  terms  in  it  continually  Increafing  ;  and  confe- 
quently  the  farther  you  go  in  the  Series  the  farther 
it  v/ill  be  from  the  truth. 

Though  it  is  impoflible  to  take  any  number  of 
terms  in  the  Series  that  fl:iall  truly  exprefs  the 
value  of  the  quantity  given  ;  yet,  in  general,  a  few 
of  the  leading  terms  will  be  near  enough  the  truth 
for  any  purpole. 

Example  II. 

q5.     To  reduce — — —  into    an  Infinite 

a '  +  lax  -^  x'' 

Series. 
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Ill 


Operation, 


+ 
1 

col  'S 


^ 


^l« 


1 

^    « 

+ 

+ 

J5, 

CO 

+ 

o 

'^r« 


oo 


4I« 


Hl« 


I     i 


HN 


Jol^ 


^..^ 


+ 


Now,  from  thcfe  four  terms  of  the  ferles  it  is 
eafy  to  fee  the  law  of  the  continuation  is  fuch, 
that,  the  numerators  are  the  powers  of  x,  whofc 
Indices  are  i  lefs  than  the  numbers  of  the  terms  to 
which  they  refpedtively  belong,  multiplied  by  the 
faid  numbers;  that,  the  denominators  are  the 
powers  of  a,  whofe  Indices  are  the  fame  with  thofe 
of  the  numerators;  and  that,  the  fi^ns  of  the  terms 
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are  alternately  changed.     So  that,  the  5th  term  i: 

ex  .  6y^ 

4-  £_    the  6th  term  is  — — 1-  ;  and  fo  on. 


PROBLEM.   II. 

To.  reduce  a  compound  Surd  quantity  into  an  Iji- 

finite  Series  ;  that  is,  to  free  a  compound  exprcf- 

fion  from  Surds  by  throwing  it  into  a  number  of 

idecreafing  terms,  which  if  infinitely  continued, 

(hall  be  equal  to  the  quantity  given. 

Example   I. 


97.  Te  reduce  a*  -f-  ^y"-^^  into  an  Infinite  Series. 

Take  the  fquare  root  of  a',  which  is  a,  for  the 
Firft  term  of  the  Series ;  (fee  the  Operation  below;) 
then,  thisfquared  and  fubtraded  from  a^  +  4y^^ 
leaves  4^^  ;  and  this  remainder  divided  by  the 
double  of  the  firft  term,  (as  in  the  common  arith- 
metical extradion  of  the  fquare  root,)  viz.  by  la^ 

gives  +  _2_  for  the  Second  term   of  the  Series ; 
a 

which,  with  the  double  of  the  firft  term,  being 

multiplied  by  52! the  faid  fecond  term,  gives  ^y'^ 

a 

4-^,    and   this   fubtradled   from   Ay ^  leaves  — 
a* 

^L  ,  which  divided  by  the  double   of  the  two 
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firft  terms  of  the  Series,  i/ia;.  by  la  +   —-ogives— 

-Ai   for  the  Third  term  of  the  Series ;  which,  with 
a 

the  double  of  the  two  first  terms,  viz,  ia  +    -^ 

a 

being  multiplied  by ^  the   faid  third  term, 

gives  ~  ^ --^  +  ^,    and     this    fubtradled 

from ~  leaves  -^- "%-,  which  divided  by  the 

double  of  the  three  firft  terms  of  the  Series  already 

found,  viz,  by  la  +  -^ —^  gives  +  ~-  for 

a  a  a^ 

the  Fourth  term  of  the  Se'^ies, After  the  fame 

manner  may  be  found  anv  number  of  terms  in  the 
j   Series:  And,  when  the //^w  of  the  progreflion,  or 
of  the  continuation  of  the  Series,  is  difcovered^ 
the  terms  may  be  continued  on  at  pleafure. 


Operation. 
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Operatim. 


I 

1 

4- 

+ 


'^\ 


+ 

c 


+ 


5> 


+ 


1      I 

o 


^ 


«„    '^O^l  <S 


Sf.r<s 


I      + 


VO'l'^ 


<^' 


•f 


+ 


^l« 


+ 


Example  II. 


98.  To   reduce    i  -^  x  — ;? *  p  into   an    Infimu 

Series. 


Operation,  \ 
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Operation. 

X  nX  hX    —    (.<s 


2  8  t6 


I 


2)0  ~  a:"  —  X 

—  oc  + 


x'' 


4 


2  —  ;f)  0     — 

4 
4 

^    8     '      64 

4/ 

0  • 

5;c^       2Sx^ 
8          64 

8     '    16   ^    64    '  256 

^        45^^      25^'       25^'' 
64         64        256 

I                                        V              rv- 

So  that  I  —  A? 

—  A?*>   is  ir  1  ~^-  —  :ZZ__ 
,28 

16 

And,  after  the  fame  manner  may  any  fuch 
common  Surd  quantity  be  reduced  into  an 
Infinite  Series :  But,  with  much  greater  eafe  and 
expedition. 

99.  All  forts  of  /rational  and  furd  Quan^ 
titles  may  be  reduced  into  Infinite  Series  by  tb$ 
celebrated 

12 
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Binomial  1'heorem*, 


which  is  this,  viz,  P  +  PQ^^  zz  P    +  -  AQ  4 


271       ^  3«         ^  472  ^^    5W        ^ 

^c.  Wherein,  P  +  PQ  reprefents  the  Quantity 
whofe  Power  is  to  be  thrown  into  an  Injjmie  Series  ;• 
P  the  Firft  term  of  that  quantity,  which,  in  general, 
mufl   be    the   Greateft ;    Q^the  Other,   or  Reft 

of  the  terms,  divided  by  the  Firft  ;    —  the  Index 

n 

of  the  power,  whether  it  be  affirmatire  or  negative  : 

and  A  ^::^  the  Firft   term  of  the  Series^  B  =r  the 

Second,  C  ==  the  Third,  D  zz  the  Fourth,  E  = 

the  Fifth,  &c.  that  is,  A=iF%  B  z=  -  AQ,  G- 

n      ^^ 

1^  BQ,  D  =  '^^  CQ,  E='^J^  DQ, 

&c. 

The  following  Examples  will  explain,  and 
ftiew  the  great  Ufe  of  this  curious  and  noble 
Theorem. 

Example  I. 


100.  To  -reduce  a^  +  4y''Y  into  an  Infinite  Series, 
Here,  P  =  nr^,  Q  rz  -^-j  m~  i^nzz  2,  A  ~a, 


*  The  Tnith  of  this  Theorem  has  been  demonstrated  by 
various  Writers  5  the  Proof  of  it  is  therefore  here  omitted. 
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a  a  a^  or 


&c.     Therefore,  a"  +  4y^  n  ^  +  —  —  -^,    + 

a  a 


Example  II, 


To  reduce ->  that  is,  *        ^  '       *' 

into  an  Infinite  Series* 


-._/ 


Here,  P  =  /? -,  Q  =  —^~,  tn  :=  —  i,  w  —  2, 


.1 


a  2a''  8aS  1 6a' 


,  &c.     Therefore,  '^'—f)     *  =  1  + 


ssy        ___     ^  _ 


Example  III. 

I 


102.  To  reduce 9  that  is,  i  —  ^  —  *^  into 

an  Infinite  Series, 
Here,  P  =  i,  QL==  ^  x,  m  =  —  j,  n-  1, 
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A  ~  1 ,  B  1=  x^  C  =  x'^,  D  zz  x'\  f.  zz  cc^j  kc. 

Therefore,   i  —  x\  ~  '  =:  i  +  «  +  ^* + a?^  -f  a;4-,  &c. 


Example  IV. 

103.  To  reduce  »  that  is,  i  +  ^^  ~~  *,  intoaii 

infinite  Series, 

Here,  P  z:  i,  Q^n  x,  m:=:  —  i,  k  =:  i,  A  z:  1, 
B  =  —  :v,  C  =:;;*,  D  :=:  —  x^,  E  zi^,  &c.  There- 

fore,  I  +  x)  ~~  '  z=  I  —  x  +  x^  —  o;'^  +  cc\  &c. 

104.  But,  we  may  often   find   the  Series  an^ 
fwering  to  a  propofed  Quantity  by  the  following 


Theorem, 

m  ^      m     m  —  n 


in 


viz.  P  +  PQ^^  z=  P«  X  :  I  +  -  04-  -X 
^  n  ^     n 

_^      m       m  —  n      m^-^n  ^.,      m       m  —  n 

^     n         m  ^n  n  in 

X — —  Q4  +  Cffc.  (which,   indeed,  is 

the  fame  as  the  former,  thougii  differently  exprefs- 
ed^)  with  ftill  greater  eafe  and  expedition;  for, 
in  this,  no  previous  dedudtion  is  required,-  and 
both    the   numerators   and   denominators  of  the 

r    r,-        mm  —  n  m  —  2n  m  — •  ^n   ^.  ^ 

tractions  ---j 5 > ^>  <Sc,  are  Se- 

71       in  3»  4^ 

^ies  of  numbers  in  arithmetical  progreflion,  which 
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have  the  fame  common  difference  n.     This  will 

appear  by  the  following  Examples. Bur,  note, 

the  Former  Theorem  is,  in  general,   bed  adapted 
to  fhew  the  Law  of  the  Series. 


Example  h 


1:05.    To  reduce — -,>   that  is,  a"  +  x'^  ~  «> 


a"  -t- 


71 


into  an  Infinite  Series-^ 


x" 
Here,  P  =  a'y   Q^;=  —^^mzz  —  i,  71  =  2, 

Cu 


^  ___  I        ^  x'^  2i*x^ 


Therefore,  ^z^  +  ^'1   ^  =       x  :  i  --1^  + 


2,4.6.a^  "^2.4.6.8.^^        '^'•-a       2<x'^84i^ 
i6«'  ^  I28a^ 

Example  II. 


10^.  To  reduce  a  +  J]"^  into  an  Infinite  Series^ 

X 

Here,  P  =  ^,  Q^zz  -,  m=:  §,  n  ==  3.     There- 


a 


fore,  ^  +  ^>  =  «!-  X  :  I  +  ^—  +  -^-7 — r  + 


14 
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~  a 


9a 


Sia^" 


'43« 


107.   To  reduce 


Example  HI, 
h 


5  that  is,  Zj  X  a  +  ^     *, 


«  +  .:£• 
into  an  Infinite  Series^ 

Here,  P  zz  «,  Q  =  ~,  ?;;  zz  —  \,  n  iz  i  ;    and 
^-     a 


r         m  m  ^,  m  —  n   m 
therefore,  — »  -  X ^?  —  x 


7z       m 
-    X  — 


27Z 


n    « 


271       n 


in 


\n 


m        m  —  n      m  —  ^n        m—'pi    r-,        .,,1  -, 

—   X   X X  —— —    ,  C57C.  Will  be  —  1 

n  2n  ^71  4^ 


and  -f- I  alternately ;  and  confequently  ^  x«  +  a; 

1  a;   ,    -v*       x"^       x^         __ 

IS  z:  ^  X  -  :<  :  I  —     +  —  —  -3  +  -7  —  ^<^* 


-I 


a 

b        bx        bx"- 
a       a  *         d^ 


a       a 


ExAAiPLE  IV. 


li; 


108.  To  reduce  i  —  xf  into  an  Infinite  Series. 
Here,  P::iri,Qjz: — x,?nz:zi  n  =  4.     Therefore, 


-^   I  I,  o 

4.8 


^  - —  J? 

4.  8.  12 
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I..  — -2.' — 7.  —  II  ^. 

4.  8  4.  8.  12  4.  0. 12.16. 


Scholium. 

The    Sum  of  any  Infinite    geometrical   feries 
decreafing,  is  equal  to  the  fquare  of  the  firft  term 
'  divided   by  the  difference   between  the  firft  and 
fecond. 

Thus,  a  +  X  -^  ^ — 1--0+  ^c,  is  zi ;  and 

a        a  a—x 

X'       x'^         ^     .  cC" 

d^x-^ r  +  ^c.  is  z=  — I — '  For,  ( art,  04.) 

a       a^  a-t  X 

if  ct  be  divided  by  a  —  ^,  and  by  a  +  a:,  the 
Quotients  will  be  thefe  infinite  feries  of  Terms 
jdecreafing  in  geometrical  proportion  continued. 


CHAP.  II. 

Of  finding  the  Fluent  of  a  given  Fluxion, 

109.  The  Bufinefs  of  the  Direct  Method  of 
I'lnxions  being  to  find  the  Fluxion  of  a  given 
Fluent,   or  the  Velocity   with    which  a  Variable 
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quantity  flows  at  any  point  or  term  affigned ;  io 
the  Bufinefs  of  the  Inver/e  Method  of  Fluxions 
is  to  deternnine  the  Variable  quantity,  or  Fluent, 
from  that  Velocity  or  Fluxion  being  given.  And 
thisj  in  General,  may  be  done  by  the  following 
Ruks^  thefe  being  the  converfe  of  thofe  delivered 
in  Fart  i.  Cbap.  2.* 


Rule  I. 

110.  To  find  the  Fluent  of  a  Simple  Fluxion,  01 
of  that  wherein  there  is  no  variable  quantity 
and  but  One  Fluxionai  letter. 

Substitute  the  variable  or  flowing  letter  for 
its  Fluxion  :  and  you  will  have  the  Fluent  re- 
quired. 

Thus,  the  Fluent  of  ax  is  r=  ax,  {art,  14.) 


Rule  IL 

m.  To  find  the  Fluent  of  a  compound  fluxionai 
expreflion  confifl:ing  of  the  produdls  of  two  or 
more  flowing  quantities  drawn  into  their  Flux- 
ions j  that  is,  which  confiflis  of  the  Fluxion  of 
each  quantity  drawn  into  the  other  or  product 
of  the  refl:  of  the  quantities. 


*  To  treat  at  large  on  the  different  ways  for  finding  the 
Fluents  of  the  unbounded  variety  of  Fluxionai  Expressions, 
would,  by  far,  exceed  the  limits  of  an  introductory  Tract :  this 
affair  therefore  cannot,  with  propriety,  be  handled  here  in  io 
very  extensive  and  copious  a  manner. 
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Multiply  the  flowing  quantities  together: 
,and  the  Product  is  the  Fluent  required. 

Thus,  the  fluent  oi  xy  -^  xy  \s  z=:  xij\  the  Fluent 
<AxyZ'\'xyZ'\-x'jZ  is  =  xyx\  and  the  Fluent  of  'vxy% 
•4-  *vxy%  +  vx'^'z,  +  vxyi,  is  z=  vxyz.  [art,  ic^.) 


Rule  ill*. 

H2.  To   find  the  Fluent  of  a  Fradion   like 
xy  —  xy 

Divide  the  lafk  term  in  the  numerator  by  the 
Fluxion  of  the  Negative  fquare  root  of  the  deno- 
minator ;  then  divide  this  quotient  by  the  Affirma- 
xive  fqU:!re  root  of  the  denominator  :  and  you 
will  have  the  Fluent  required. 

Thus,  the  Fluent  of    -^   ,  ^  is  =  — .  {art,  17.) 

r         y 


Rule  IV, 

113.  To  find  the  Fluent  of  an  exprcffion  com*- 
pounded  of  different  fluxionary  terms  connected 
together  by  the  Signs  +  and  — . 
Find   the   feparate    Fluents    of    the   different 

terms;   which  conned   together  by  the  Signs  of 

their  refpedtive  Fluxions:  and  you  will  have  the 

iFluent  required. 

*  This  Uuie  must  be  used  with  caution^  as  it  is  not  appli* 
table  to  fractional  expressions  in  general. 
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Thus,  the  Fluent  of  ax  +  *■/  +  xy — .— •- 

X 

is  z=  ax  +  xy (^art,  19.) 


Rule   V. 

114.  To  find  the  Fluent  of  an  expreffion  which 
confifts  of  the  Fluxion  of  a  variable  quantity 
drawn  into  any  Power  of  that  quantity  contained 
any  number  of  times*. 

1°.  In  Simple   Expreflions, Strike   out    the 

fluxional  letter ;  add  i  to  the  Index  of  the  Power  ; 
and  divide  by  the  Index  thus  increafed  :  and  you 
will  have  the  Fluent  required. 

Thus,  the  Fluent  of  2x^x  is  equal  f  a:^;  the  Flu- 

X 

ent  of that  is,  of  — x-^^x,  is  =  —  ;^--  +  J 

divided  by  —  2  4-  i,  that  is,  zz  — =  ^-i    — 

-.;     And,  Univerfally,  the  Fluent  of  ?wa;'"~i  x  is 


tji'"—i  — 

s=z  x""  ;  and  the  Fluent  of  — ^c"    a:  is  =  .y   . 

n 

2°,  In  Compound  Expreflions, —  where  the 
fiuxionary  part  is  equal,  or  in  an  invariable  ratio, 
to  the  Fluxion  of  the  quantity  under  the  vinculum. 
Add  I  to  the  Index  of  the  Power  j  and  divide  by 

*  The  Ruh  fails  when  the  Index  of  the  Power  is  —  1.    To 
Jnd  the  Fluent  then,  see  Rule  6. 
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the  Fluxion  of  the  quantity  under  the  vinculum, 
drawn  into  the  Index  of  the  Power  thus  increafed  : 
and  you  will  have  the  Fluent  required. 


Thus,    the  .  Fluent  of  ^  +  x^^  x     3^:  -f.    txx 

IS  =  :zr—^===i^^=z ==  x'-if   07^  ;  and 

3X^4.  2XX 


the   Fluent   of    —  4    x   x  —  a\~^    X   ^c*   is    zt 


—  •I-  X  'x--2~^  +  ^  X  .y  _  - 1  X  ^  —'oT^x 


—  ^  T.     (^art»  20) 


Rule  VI. 

115.  To  find  the  Fluent  of  a  compound  liuxional 

b  bX  ^       r  •) 

expreffion,    like  ^  .i.  ^  ^  ;  or    ^.  .     ~^\ 

a    ■\-  x~\ 

1*^.  Throw  the  exprefFion  into  an  infinite  Se- 
ries ;  and  find  the  fluent  of  the  Series  by  the  fore- 
going Rules ;  and  you  will  have  the  Fluent  re- 
quired. 

Thus,  to  find  the  Fluent  of  —7--'^^'    ^hrow 

the  expreflion  into  a  Series  ;  which  {art,  94.)  ^s  ■= 

hx^_bxx  ^  hlxj^       ^^     ^^^   ^y^^^    ^^^^ 
a  a  a^  or 

the  Fluent  of  this  Series  ;  which,  by  the  preceding 
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Rules,  IS  rn  —  — — -  +  — r —  — r  "^    ^^'     "^ 

is  the  Fluent  required. 

bx 
And,  to  find  the  Fluent  of  ■ — -,;  throw 

the  exprelHon  into  a  Series;  which,  {art,  105.} 

is  =  z?;^  X  :  L  —  ^  +  i^  —  if?l  +  y c.  =:i 

Fluent  of   this  Series,  by  the   foregoing  Ruler. 

'   __,   hx       hx"^'       'ihx^         <bx''     .    cj        u-  1    • 

IS  IT  —  —  — -_  -{-  ^ —  —  -2 +  t^c.  which  IS 

a       6a        40a*        112a' 

the  Fluent  required. 

2^.  Or,  Becaufe  (art.  21.)  the  Fluxion  of  the 
Hyperbolic  Logarithm  of  any  quantity  is  equal  to 
the  Fluxion  of  that  quantity,  divided  by  the 
quantity  itfelf ;  therefore, 

X 

The  Fluent  of  b  x  — — -  is  r:  Zr  X  Hyp»  Log, 

U    "T~    Co 

of  a  +  X,     For,  the  Fluxion  of  a  -f-  a^  is  x,  which 

X 


divided  by  a  +  *  is 

^  a  +  X 

And    the  Fluent    of    ^  X         ^        is  =  Zj  x 
Hyp.   Log.   of  ^  4-  d'  f  x^i.     For,  the  Flux- 

r  n"'"  '*\  T      .        •         .  3CX 

Jon   of    X    4-  a    4-  :r  '2    is  ;c    +  — -,   rz 
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T —  = .   X  :  ^  -f  a'  +  Af''U, 

2  ^'2       I      «2^-|  ' 


oM-i^^  a'  +  ;^' 


X 


which  divided  by  a:  +  V  +1?1»  is  — •;: Y*  &c. 


Scholium. 

116.  Though  the  Fluxion  of  any  Fluent,  how 
much  foever  compounded  it  be,  may  be  accurately 
found ;  yet,  the  Fluents  of  compounded  Fluxional 
cxpreffions  cannot  always  be  had  in  finite  terms. 

117.  Though  no  Fluent  can  have  more  than 
One  Fluxion  ;  yet,  a  Fluxion  may  have  an  Infi- 
nite number  of  Fluents.  Thus,  for  Example^ 
the  Fluent  of  x  may  be  either  x  ox  x  i^a  \  where- 
in, a  reprefents  any  invariable  quantity  whatfo- 
ever. — Now,  to  find  a,  when  it  mull  be  added  to 
or  taken  from  the  Fluent  ^,  is  called  correcting  the 
Fluent :  And  to  eifed  this  ;  in  any  Equation,  after 
having  obtained  the  Fluent  of  each  lide  by  the 
foregoing  Rules  ;  make  the  variable  letter  in  either 
of  them  vaniQi,  or  equal  to  nothing  ;  and  fubfti« 
tute  for  the  variable  letter  in  the  other,  fuch  a  de- 
terminate or  invariable  value  as  it  is  then  known  to 
have  :  or,  for  the  variable  quantities,  write  fuch 
invariable  or  fixed  values  as  they  are  refpectively 
known  to  have  at  any  particular  point  or  term. 
Then,  if  we  fubtra6t  the  fides  of  this  new  Equation 
from  the  correfponding  Fluents  before  found ;  the 
remaining  Fluents  will  be  Contemporary,  or  al- 
ways equal  to  each  other ;  and  confequently,  we 
Ihall  then   have  the  correct  Fluent  fought  deter^ 
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mined. — This  affair  may,  perhaps,  be  better  under- 
flood  by  giving  the  following  Examples. 

Example  i* 

To  find  the  corred:  Fluent  of  j/  —  2xx. 

The  Fluent  of  this  equation,   by  art,   114.  ir 
y  zz  x^      Now,  when  y  zz  o/\i  x  =  o  ;  then,  y  — 
Q  zz  x'^  —  o,    or   AT  =  y"' :  therefore,  the   Fiuen 
firft  found  needs  no  corredion. 

Example  2. 

To  find  the  correct  Fluent  of  a.x  — -  ixx  ~  lyy. 

The  Fluent  of  this  equation,  by  art.  114.  is 
ax  '•^  x^  zi  J/".  Now,  when  y  ends,  or  when 
^  z=  o,  if  X  he:=r.  a;  then,  fubftituting  o for  y,  and 
a  ior  X,  the  fluential  equation  will  become  ^7^  — 
a^  z=  o,  that  is  o  =  o  :  therefore,  the  Fluent  firft 
found  needs  no  correction. 

Example  3. 

To  find  the  Correct  Fluent  of  z  =  ay. 

The  Fluent  of  this  equation,  by  art.  no.  is 
z  =  ay.  Now,  if  ^  be  ^  ^  vvhen  z  is  r:  o  ; 
then,  by  writing  in  this  fluential  equation  o  tor  z 
and  b  for  jy,  it  will  become  o  =  ab  :  therefore,  ay 
is  always  ab  greater  than  z  j  and  confequently,  the 
Fluent  corrected  h  z  =  ay  —  ab. 
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Example  4. 


To  find  the  Corred  Fluent  of  j/  =  — "a  -f  ^ 

X  2  X.  . 


.3 


The  Fluent  of  this  equation,  by  art.   114.    is 
^  _  —  ^  +  ^V  X  2i:  _  — —^-2    _  I 


Now^  if  j(  =±:  o  when  x  zz  o  \  then,  this  fluential 


equation  will  become  o  =  -^ :  and  therefore^  y 


a 
I 


is  always  lefs  than         -^2  by  the  quantity  —f  • 
confcquently,  the  Contemporary  Fluents  will  be 


I 


y  = 


4^^     «^ 

Example  5. 
To  find  the  Corre6t  Fluent  of  2;  =  ^  x 


flM^i 


The  Fluxion  of  the  Hyp*  Log.  of  ;^  +  a""  H-  ,r^ 

X 


is  =rr  r-izizzirT    {art.  21.  or  115.)  therefore,    the 
a   +  ;c'^i^ 


a; 
Fluent,  of  2;  =  ^  X  ^-. rT~is  z  ^  h  x  Hyp. 

l^g.  of  X  4-  5^4-^r^^.       Now,    when    2;  n  o, 
if  A?  be  likewile  :i:  o,  thisFlueftt  will  then  become 
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o  :=z  b  X  Hyp.  Log.  oi  a;  which  fiibtraded  from 
the  faid  Fluent,  makes  the  Corred  Fluent,  or  tmc 
value  of  z  =  ^  X  Hyp.  Log.  of  a:  +  a*  +  x'-)h  — 
b  X  Hyp.  Log.  of  a  (which,  by  the  Nature   of 

Logarithms,  is,)-^  X  Hyp.  Log.  of  ^±Z±f!l!* 


Example  5/ 

To  find  the  Corred  Fluent  of  a^  —  bxx  =  yy: 

The  Fluent  of  this  equation  (arL  114.)  is  ax  — 
|-  bx'^  zz  \y-.  Now,  if  a:  =  c  when  j;  zr  d\  then, 
fubfti':uting  c  for  x  and  d  for  3/,  the  equation  will 
be,  ac  —  \h(^  =  i  ^ ;  ^rid  therefore,  by  fubtrad- 
ing  the  correfpording  fides  of  this  equation  from 
the  above,  we  fliall  have  the  Corred  or  Contem- 
pora'y  Fluents  ax  —  ^  bi^  ^-^  ac  -\-  \  b^  '=^  \f 


CHAP.  III. 


Of  finding  the  Length  of  a  Curve  Line, 

^^*      118.   In  Curves  referred  to   an  Axis,  (fig.  S7') 
57-  let  cb  be  fuppofed  indefinitely  near  and  parallel  to 
5^'  the  ordinate  CB,  and  Bn  equal  and  parallel  to  Cc 
the  Increment  of  the  abfcifs  AC:  And  in  curvesi 
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teferred  to  a  fixed  or  central  Point,  (/^,  58.)  let 
^C  be  fuppofed  indefinitely  near  to  BC,  and  the 
indefinitely  little  circular  arch  Bn  be  defcribed 
with  the  ordinate  or  radius  CB.  Put  AC  (7?^.  57.) 
zr  x,  CB  zz  y,  curve  AB  -  ZiBn^-x',  nb  =  y'^ 
and  Bb  =2':  then,  (the  lncren:ientB^  being  con. 
lidered   as  a  little  right  line^)   by  47  E.  i.B^  — 

Bn'  +  nb^  ,  that  is,  z'  =;=  x''  +  y'"^^  or  {art,  7.) 

i,  =  a'^  +j/*i^     Put  the  ordinate  CB  {Jig,  5$.)  = 

yy  curve  CPB  =  z,  B/i  =  ^',  nb  zz  y\  and  B^  = 
z'l  then,  (becaufe  B^  may  be  confidered  as  an  in- 
definitely fniail  right  line,  and  Bn  as  a  little  right 

line  perpendicular  to  Cb,)  as  before,  2  =  x''^  -h  ^'^^1 
or  2;  r=^^*'+7^i^.  And  this  is  a  General  Expref- 
fion  for  the  Fluxion  of  the  Length  of  any  Curve 
Line  whatfoever.*  Now,  by  help  of  the  Equation 
or  Properties  of  the  given  Curve  whofe  Length  is 
required,  we  may  find  the  value  of  x~  in  terms  of 
j/%  or  ofjv*  in  terms  of  x^\  and  then,  by  fubflitu- 
tion,  .V*  or  J/"  in  this  General  Expreilion  will  be  ex- 
terminated*, and  by  finding  the  Fluent  of  the  re- 
fulting  equation,  we  (hall  have  the  value  of  s,  or 
the  Length  of  the  Curve  required. 


Example   I. 

119.     To  find  the  Length  of  the  Curve  AB  =  z, 
whofe  Equation  (putting  the  given  line  AG  = 

4  c,  GC  =  -^j  and  CB  zi  j,)  is  2   x  or.  t-  x"]  ^ 

^  3  ^'  y- 

The  same  expression  may  be  derived,  without  the  help  of 
Increments,  from  art,  24  and  38. 

K  2 


J 32  An  Tnirodu5lion  to  the 

The  Fluxion  of  this  equation  is  3  x  <?  4  x^  I 
X  2  ATAT  =  3^*  J/ ;    therefore,  y  =  1^^   X  3    X 


a;  +  a:'^  =  ~    x  ^'  +  x^\    and/  =  - 


O.  9.       *  O 


«*  +  a;"*  iz T-^^ ■  >  which  fubflituted 


foi:  j/%    makes  %  ^   x"-  +J)/*Y    (^^^-    i^^-)    == 
^^  at"  +  4^^  ;^'^  ;^^  +  4^'  .r^^^_  ^'  ^  4-  2a:^  i  _  ^^^ 


^ 
/z  •* 


Fluxion  of  the  Curve  AB,  whafe  Fluent  is  2;  =: 

^7 —  z=  ^  -j-  - — =theLengthof  the  Curve 

AB  required. 


Example  II. 


120.     To  find  the  Length  of  the  common  Cycloid,'^ 

Fig.        Put  OA  or  OF  the  radius  of  the  generating  cir- 

6a.      clezz^.  abfcifs  AC  =  a:,  ordinate  CB  =  ;f,  CG  = 

J-,  andarch  AB  =  2;  then,   (as   was  found  in  «r/. 

^^>/,  2a  X      ■  J      ,  r  •*  2a 1?1" 

2,S-jy  = X,  and  therefore j/*  =  ;;— - 

.V*;  which  fubftituted  for /,  makes  the  general 

*  See  the  generation  of  this  Curve^  ari.  35.  note. 
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cxprefTion  for   the   Fluxion   of  the  Curve   (art» 


US.)   z   ==  x'  -^/Y  =  x'  + 


2a  - 
s 


2,        I 


^J-4c^^^^-4a^^LtAlJ^\  that  is,  (be- 

caufe  by  35  E.  3.    GC  =  AC  x  CF,    or  j'^  = 

,  .     .       4  a^  ^^  ~  2a;c^^Y      2a5*]^ 

2al*  X  x'^x;  and  theFJuent  of  this  is  %  zz  2a\^ 
X  2a;^  =  2  X  2^^=  twice  the  chord  AGj  (for, 
the  triangles  FAG  and  GAC  being  fimilar,  FA  ; 
AG  ::  GA  :AC,  or  fX  x  AC"*^  =  AG,  thatis* 

2axY  ^  AG.)  Whence,  by  writing  za  for  x,  the 
Length  of  the  Semicycloid  AD  appears  to  be  equal 
to  twice  the  diameter  AF  of  it's  generating  Semi- 
circle, 


Example    III. 


121,     To  find  the  Length  of  a  Parabola. 

Put  the  parameter  zz  a,  abfcif  AC  ~  oc^  ordi- 
nate  CB  z:  7/,  and  curve  3B  =:  2;    then  {art.  Fig. 

'  2*2  6  L 

28.)  ;c"  =  ?^,  and  therefore  x^  —  1-LZ_:  which 


fubftituted  for^^-^  makes  2;  =  x^   f  jj/"* ^  (the  gene- 
ral expreffion  for  the  Fluxion  o  the  Length  of  the 

K  3 
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Qyinc,  art.  iiZ,)^^\  jK ^L^^r^h 
which,  thrown  Into  an  Infinite  Series,  (art.  ico.) 


is  =  I-X:^+^-X-+^-^c.  that 


h,^~y+l]ll-^n_^^^^c.    And 
the  Fluent  of  this  Series  is;2ZZ7/^  '^IL ?^  + 

-^  —  tf^.  ==:  the  Leneth  of  the  Curve  AB  re- 
quired. 

Or,    The  above  i;  r:  -^  x  «*  4-  4/'^  is  zr 


+  ^  x?T4:?7  ""  ^  ^  ^"  y^  -^  ^  '  >< 


114.)  the  Fluent  of  the  firft  of  thefe  two  terms  is 

=  3-^X^SMM?}'  =  f  X  f^M^S    and 

the  Fluent  of  the  lafl  of  the  faid  two  terms  [nrt, 
115.)  \%-=:\a  X  Hyp.  Log.  of  jjr  +  ^  ^■"  4-/"^^; 

therefore,  z  =:  2.  x  |^^  +  /l^  +  +  ^  X  Hyp, 
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Log.  of  J  +  ^d^  +  y^i.  But,  fince  when  z  and  y 
vaniQi  or  become  =  o,  (as  at  the  vertex  A,)  this 
Pluentbecomes  :ii\  a  x  Hyp.  Log.  oi~  a;  there- 
fore the  laid  Fluent  being  Correded  (art,  1 17.  E^c. 
5.)  makes  the  truewsduc  of  2  or  the  Length  of  the 

Curve  AB  =  Z  X  X  a"  +  y^*  +  ^ax  Hyp- 


Log,  ofjy  +  |vT7^^  —  J  ^  X  Hyp.  Log,  of 
i   ^  =  —  X  fSM^^  +  iax  Hyp. Log.  of 

JLJl£?T2L,  by  the  Nature  of  Logarithms. 


ia 


Example  IV. 

122.     To  find  the  Length  of  any  Arch  of  a  Circle. 

Put  the  radius  EA  =  ^,  abfcifs  AC  =  x,  ordi- 
nate  CB  zz  y,  arch  AB  —  2; ;  then,  (art,  27.)  X  /^' 

•^  02. 

=  -^>L-zz(becaufe^  -  x  =  CEzzE"5^rBC^4 

U  —  X 

^=r^Z^f]i\  ^-^  ■  ,    ;  therefore;:'^  =-4-^,i 

which  fubftituted  fori^  makes  2;  =  x'  -f  7*]  2  (the 
general  expreflion  for  the  Fluxion  of  the  Lrngth    ^ 

of  the  Curve,  ^r/.   118.)=     ^  ^    .    +    yv"*    = 

K4 


136  An  Introdu^fion  to  the 


ay    ^ 


~— --J n  ay  X  ^2  — ^^^  2.  which  thrown  into  aa 


.  1       V* 

Infinite -Series  i^art.  ipi.)  is  i;=^y/  x  .—  4-^  + 

8^"^  l6Z"*"r2r87'"^256a""*^Tor4a^'"^  m^S'^*"^ 

+^W!4+  i^_9/:^+  ^c.  And  the  Fluent  of 
xo24a  204^a^ 

this  Series  (art,  1 1 4. )  is  z  =  y  +  -:^  +  — :2£_ 

S^L+     35/   +    ^3/'   _|_    ^31/!^^    143/' 
112a^      1152^^      2816a'*'     l33i*2a'-      iO-.4o^'* 
+  esPc.  =  the  Length  of  the  Arch  AB. 

Now,  if  we  fuppofe  the  radiiis  EA  =  a  rz  1^ 
and  the  /.  AEB  —  30°.  then,  (becaule  the  fine  of 
any  arch  is  equal  to  half  the  chord  of  twice  that 
arch,  and  the  chord  of  60°.  is  equal  to  the  radius,) 
the  fine,  or  ordinate  CB  zz  y^  will  be  =  |-;  and 
therefore^  the  terms  of  the  above  Fluent  being 
reduced  into  Decimal  Fradions,  and  placed  under 
one  another,  will  ftand  thus :  viz. 

.500000000  £5fc. 

•020833333 

.002343750 

.000348772 

.000059339 

.000010923 

•ooooo2ii8 

.,000000426  &'c. 
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ThefumoD    ..^cqSt^^c   ~  ^^^e  Length  of 
which    is     5  •52359»7<^^'  -  ^theArchAB: 

^hich  X  by         . 12 


rthePeriphcryof 
is  6.283 185  &c.  rzS  a  Circle  vvhofe 

tRadius  is  1  ; 
r  thePeripheryof 
therefore       3.141592  Esfc.  =  s  a  Circle  whofe 

[Diameter  is  i. 


Example  V, 

123.     To  find  the  Length  of  any  Arch  of  Jrcbi- 
medes's  Spiral"^. 

Put  GA  the  radius  of  the  generating  circle  =  b^    Fig, 
and  ARA  the  circurx:iference  of   it  =  a  ;  alfo^  put  63. 
the  ordinate  CB  =y,  the  length  of  the  required 
arch  CPB  —  z,  and  a  circular  arch  vvhofe  radius  is 
the  ordinate  CB  =  x.     Then,   (as   was   found  in 

art,    '^g.)  x  z=.   —{    and  therefore  x'^  —-^^ — 

which  fubftituted  for  a%  makes  the  general  expref- 
fionfor  the  Fluxion  of  the  Curve,  viz.  z=zx^-iif\'^ 

{art  118.)  ^  ^Zl  +/T  =  ^.  X  TfV^^ 


1^  See  how  this  Curve  is  generated,  art.  39.  note. 
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a'-  fy  +  \Vjj_  \b'y __Lx 

Now,  the  Fluent  of  the  firft  of  thefe  two  terms  is 
found  by  art.  114.  ^±_^  ^  >y_^^.^|.  and  the 

Fluent  of  the  laft  is  found  by  ^r/.  115.1=  —  x 

2a 

Hyp.  Log.  of  ay  4-  a^  y"-  +  h^\ ;  therefore  z  = 
-i,X^^/  +^^#)^  +  ™  X  Hyp.  Log.  of  oj^  4> 

a^ y-  +  ^r)*:  but,  when  z  and  j are  =  o,  as  at  the 
point  C,   this  equation  becomes  o  3: —    x    Hyp. 


2a 


Log.  q{  b'  ;  and  therefore,    the  Fluent  Correded, 
(art.   ii"~.l  makes  iht  true  value  ofaz:  X 

Li 

^^f  4.  i,'  y^)i  4-  —  X  Hyp.Log.of  ^j  +  ayTF\  ^' 

X  Hyp.  Log.  of/j*  =  (by  the  Nature  of  Lo- 

garithms ;  the  Difference  of  the  Logarithms  of  any 
two  Numbers  being  equal  to  the  Logarithm  of  their 


-*       b^ 
Qiiotient;)-^,  X  «»/  +  ^j^'f  +-^  X  Hyp. 

Log.ofS:±i!Z±Zl'=  the  Length  of  the 
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Arch  CPB  required.     And  therefore,  by  fubftitut- 
ing  the  radius  b  for  the  ordinate  j/,  we  (hall  have 

the  Length  of  the  whole  SpiralCPBA=rf  xi^S^i 

4.  tL   X  Hyp.  Log;  of . 

2a  0 


CHAPTER   IV. 


Of  Jinding  the  Areas  of  Curvilineal  Spaces, 

124.      In  Curves  whofe  ordinates   are    referred  r^^ 
to  an  Axis  [fg:  64)  let  h  be  conceived  indefinitely  .  ^' 
near  and  parallel  to  the  perpendicular  ordinate  BC,  ^ 
and  Btz  equal  and  parallel  to  Cc  the  Increment  of   ^' 
the  abfcjfs  AC  :  then,  becaufe  I^n  bears  no  affign- 
able  ratio  to  BC,  be  may  be  taken  as  equal  to  BG 
or  ?zc;  and  the  trapezium  BCc^as  equal  to  the  pa- 
rallelogram  BCcn:  but,   BCcI?  is  the  Moment  or 
Increment  of  the  curvilineal  fpace   ABC,  that  is, 
(if  we  put  AC  :=  Xy  CB  z=  y,  and   Cc  ~x\ )  the 
Moment  or  Increment  of  the  Space  ABC  is  —  yx' 
and  therefore,  (art,  7.)  the  Fluxion  of  it  is  =r  yx, 
—In  like  manner,  in  Spirals,  or  thofe  Curves  whole 
ordinates  are  referred  to  a  fixed  or  central  Point 
(-/%•  ^5')   iet  Z?C  be  conceived  indefinitely  near  to 
the  ordinate  BC^  and    the  little  circular  arch   B?i 
(whofe  radius  is  CB,)  be  fuppofed  a  little  right  line 
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perpendicular  to  ^C:  then,  Z'// having  lefs  than  any 
aflignable  ratio  to  tiC,  BCn  may  be  confidered  as 
equal  to  BC^  the  Moment  or  Increment  of  the 
curvilincal  Space  BPGB;  that  is,  (ifweputCB  — 
y^  and  Bw  i=  ;f',)  the  Moment  or  Increment  o^ 
the  Space  CPBC  is  zz  f  yx'^  or  it's   Fluxion  zz. 

Or^  Let  the  curvilineal  fpace  AEI  and  parallel- 
ogram AG  {fig.  64.)  be  generated  by  the  perpen- 
dicular and  indefinite  right  line  AF  moving  with  a 
parallel  motion  from  A  along  the  axis  AE ;  then,  it 
is  evident,  the  curvilineal  fpace  will  increafe  flower 
or  flow  with  a  lefs  degree  of  velocity,  than  the  pa- 
rallelogram, before  the  faid  generating  line  arrives 
at  the  term  CB;  and  afterwards   fafler,  or  with  a 
greater  degree  of  velocity  :  therefore,  at  the  faid 
term,  they  will  flow  with  one  and  the  fame  degree 
ofveleciiy:  that  is,  at  the  term  CB,  the  Fluxions 
of  the  curvilineal  fpace  and  parallelogram  will  be 
equal:  But,  it  is  plain,  the  Fluxion  of  the  paral- 
lelogram, at  the  term  CB,  is   equal  to  DA  or  BC 
drawn  into   the   Fluxion   of  AC;  therefore,  the 
Fluxion  or  the  curvilineal  fpace  ACB  is  equal    to 
the  ordinate  CB  drawn  into  the  Fluxion  of  theab- 
fcifs  AC  ;  that  is,   (putting  AC  =  x^  and  CB  ~y^) 
the  Fluxion   of  the  curvilineal  Space  ACB  is  zr 
yx. — In/^.  65.  let  the  curvilineal  fpace  CPlC  be 
generated  by  the  variable  right  line  CF  turning 
round  the  center  C  ;  and,  at  the  fame  time,  let 
thefedorCDGC  bedefcribed  bv  the  radius  CD; 
then,  it  is  plain,  before  the  line  CF  comes  to  be  in 
the  fituation  CB,  thefpiral  fpace  will  increafe  flower 
or  flow  with  a  Ids  degree  of  velocity,  than  the  cir- 
cular fpace  or  fedor  CDG;  and  afterwards  fafher, 
or  with  a  greater  degree  of  velocity:  therefore  at 


T>o5lrini  of  Flumris,  141 

the  term  CB,  they  will  increafe  or  flow  with  art 
equal  degree  of  velocity.  But,  it  is  evident,  the  ve*. 
Jocity  with  which  the  le6i:or  enlarges,  is  equal  to 
half  it*s  radius  drawn  into  the  velocity  with  which 
it's  arch  is  defcribed ;  therefore,  the  velocity  with 
which  the  curvilineal  fpace  CPBC  is  increafed,  at 
the  term  CB,  is  equal  to  f  CB  drawn  into  the  velo- 
city of  the  point  D  or  B  moving  along  the  arch  DG 

I  tX  the  point  B;  that  is,  the  Fluxion  of  the  faid 
curvilineal  fpace  is  equal  to  -\  CB  drawn  into  the 
Fluxion  of  the  circular  arch  DB;  or  (putting  the 
ordinate  CB  zz  y,  and  arch  DB  rr  x^)  the    Fiux- 

I  ion  of  the  curvilineal  Space  CPBC  is  =  t  Ji  ;  as 
before. 

125.  Wherefore,  when  the  Curve  is  referred 
to  an  Axis,  {fig.  64. )  find  the  value  of^  in  terms  of 
a:,  by  help  of  the  Equation  of  the  given  Curve^ 
which  multiply  by  i;  or,  find  the  value  of  in 
terms  of  j),  which  multiply  by y  :  Then,  the  Flu- 
ent of  therefulting  fiuxional  exprefiion  will  exprefs 
the  Area  (or  quadrature)  of  the  curvilineal  Space 
ABC  required. And,  when  the  Curve  is  refer- 
red to  a  fixed  or  central  Point  C,  {fig.  65.)  find  the 
value  of  ^  in  terms  ofj),  from  the  properties  of  the 
given  curve:  then  mukiply  thr^  value  of  ^  by  ;^j, 
and  find  the  Fluent;  and  it  w^iU  give  the  Area  of 
the  Spa^e  required. 


Example     I. 

126.     To  find  the  Area  of  the  Space  ABCA;  the  ^-^ 

Cm^t  AB  b^mgi.  Parabola,  ^'^^ 

Put  theabfcifs  AC  z:  ^,  ordinate  CB  f:'>;aTiS 


14*  An  Introdu5fion  to  the 

the  parameter  =  i.  Then,  by  the  nature  of  the 
curve,  X  =  y"^,  oyx^  ^y;  therefce,  ri(the  Flux- 
ion of  the  Area,  art,  124.)  =  a^  x;  the  Fluent  of 
which  is  ^  r  ^  =:  (by  fubftitutir  g  y  for  ;^  ^it's  value,) 

y  Ay  =  the  Area  required, 

Ovy  The  Fluxion  of  the  above  equation  of  the 
curve,  viz.  ofxzzy\  \<^x=z2yy\  Wiuch,  multi- 
plied by  7,  makes  the  Fluxion  of  ihe  A  ea,  viz.  yi 
{art.  124.)  1=  iy'^y\  the  Fluent  of  which  is  ^^^i::: 
(by  writing  x  forjy*  it's  value,)  ^  xy  \  as  before. 


Corollary, 

The  Area  of  any  Parabolic  Space  ABC  A  is  equal 
to  two-third-parts  of  it's  circumfcribing  Parallelo- 
gram ADBC. 


Example  II. 

Fig.     J^?-     To  find  the  Area  of  the  Space  ABCG  ;  the 
67.  property  of  the  Curve  AB  being  fuch,  that  it's 

Subtangent  CT  is  invariable,  or  always  of  the 

fame  value.     (See^r^  80.) 

Put  the  given  Subtangent  CT  =  a,  GA  =  b, 
GC  zi  Xy  and  CB  =:::  y.     Then,  (art.  25.)  a-^i 

y 


xzz± 

y 

the  Fluxion  of  the  Space,  vIz.^'a:  {art,  124.)  zz  ay\ 


therefore,  x  zz  -Xj  which  multiplied  by  y  makes 
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and  the  Fluent  of  this  Fluxion  is  ay  :  But,  when  the 
area  of  thefpace  is  =  o.  ory  =  b,  this  exprefTion 
for  the  Fluent  becomes  =  ab-,  and  therefore,  {art. 
117.  Ex.  3.)  the  Fluent  corrected  is  ay  —  ab  :=: 
y^^b  X  a  =  the  Area  of  the  Space  ABCG  re- 
quired. 

Example  JII. 

128.  To  find  the  Area  of  the  Space  CPBC  ;  the  Fig, 
Curve  CPB A  being  the  Spral  of  Archimedes.^    63. 

Put  the  circumference  of  the  generating  circle 
ARA  =1  a,  and  it*s  radius  C A  =  h  ;  alfo,  put  the 
ordinate  CB  =  y.     Now,  (^s  was  found  in  art, 

ayy 
39.)  ic  =  -~;  which   equation   multiplied  by  j  y 
b^ 

makes  the  Fluxion  of  the  Space,  viz,  ^yx[art,  1 24.) 
=  ?^  X  iy  =  ^;  the  Fluent  of  which  is  Hl 

b'  ^^  2b'  6i?' 

:^  the  Area  of  the  Space  required.  And  therefore 
by  fubftituting  ^  for  y^  we  have  the  Area  of  the 
whole  fpiral  Space  CPBAC  =  ^a^;  which,  be- 
caufe  the  area  of  a  circle  is  equal  to  it's  periphery 
drawn  into  half  the  radius,  is  ==  7  of  the  Area  of 
the  generating  Circle. 

Example.  IV. 

129.  To  find  the  Area  of  the  Space  CPBC;  ^^^e  p- 
Curve  CPB  being  the  Logarithmic  SpraLf  ^3 

*  See  the  generation  of  this  Curve,   ari.  3Q.  nott, 
I  See  the  generation  of  this  Curve,  art.  4Q,  note- 
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Put  the  ordinate  CB—/;  the  length  of  the 
curve  CPB  z=  2;;  a  circular  arch,  whole  radius  is 
the  ordinate  CB,  ^x;  and  let  two  given  quantities 
a  and  b^  be  to  each  other  in  the   ratio  of  y  to  %, 

Then,  (as  was  found  in  art.  40.)  x  zzy  x 1 

a 

which,  multiplied  by  i-jy,  makes  vj^*  (the  general 
expreffion  for  the  Fluxion  of  the  Area,   art,  124,) 

n yy,  the  Fluent  of  which  is  —^ * 

2rt  4a 

jK*^  =  the  Area  of  the  Space  GPBC  required. 


Example  V. 

130.  To  find  the  A  rea  of  the  Space  CHBRC ; 
7*^^*  the  Curve  being  a  »S/>/V/7/ generated  by  a  point 
^*  moving  uniformly  along  the  femicircle  CDA, 

7*^'  from   C  to  A,   while  the  faid  femicircle    makes 

one  uniform  revolution    round  the  point  C  as  a 

center.* 


Put  the  radius  EC  —a,   arch  CRB  r=  r,   ordi-    , 
nate  CB  =^y,  and  archDB  =  .r.     Then  {art.  41.)    \ 

X  zz.    — ^^—  ;  which, multiplied  by  i^, makes ij>A? 

4  d^—y^  5 
(viz*  the  Fluxion  of  the  Area,  art,  114;  for  any 
fpace  generated  by  the  arch  CRB  is  equal  to  that 

•  This  curve  was  invented  Anno  1756. 


I 
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defcribed    by  the   ordinate  CB;)  = 


2yy       _ 


4^»_y^^ 


=    (becaufe,      ^zn.    41.   i    = ^ — j,)  — 

4?y"— 3^~''  ><  4^* j^  —  2/  y  +  2^i^ ;  the  Flu- 
ent of  which  (<2r/.  114.   2°.)  is^ — 4^3^* — y,"^  -h 

2a?;=2au^;;x4V^^  =  GC  x  CRB  -  CB  x 
BG  =  four  times  the  Arei  of  the  fcgment  CRBC 
=  the  Area  required.  And,  therefore,  when  the 
point  B  arrives  at  G,  that  is,  when^  =  2ay  the 
Area  of  the  whole  fpiral  Space  CHBLADC  will  be 
equal  to  four  times  the  Area  of  the  generat'mg 
Semicircle. 


CHAP.   V. 


Offnding  the  Convex  Superficies  of  Solids. 
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moving  with  a  parallel  motion  along  the  axis  from 
A  to  E:  then  will  the  velocity  vviih  which  it's 
convex  fuperficies  flows  be  equal  to  the  periphery 
of  the  generating  circle  drawn  into  the  velocity  with 
which  it  moves  along  the  curve  AI;  that  is,  the 
Fluxion  of  the  faid  fuperficies,  at  any  term  HB,  wfll 
be  equal  to  the  i)eriphery  of  a  circle,  whofe  radius 
is  the  ordinate  CB,  drawn- into  the  Fluxion  of  the 

curve  at  the  point  B. This  follows  from  ^?r/.  1 24. 

by  confidering  the  convex  fuperficies  as  alvvays 
equal  to  the  area  of  a  curvilineal  figure  whole  ab- 
fcifs  is  equal  to  the  curve  AH,  and  the  ordinate  as 
equal  to  the  circumference  of  the  generating  circle 
BH  whofe  radius  is  CB. 

131.  Hence,  if  we  put  the  abfcifs  AC  ~  a*, 
ordinate  CBzrjv',  curve  ABtn;:;,  and  0  —  6,28318 
&:c.  =  die  circumference  of  a  circle  whofe  radius 
is  I  {ati.  111,);  then,  becaufe  cy  =  the  circumfer- 
ence of  a  circle  whofe  radius  is  the  ordinate  CB, 

and  {art,  118.)  z  zz  ^<'  +  j'^^;  the  General  Ex- 
prefTion  for  the  Fluxion  of  the  Convex  Superficies 


of  any  Solid  ABFl  will  beirry^;  or  cy  X  ^v^  +y' . 
out  of  which,  by  help  of  the  Equation  of  the  given 
Curve    AB,  x"   or/,  ^c,  may  be  exterminated;  , 
and  then,  the  Fluent  of  the  refulting  exprefhon  will 
give  the  Convex  Snperficies  required:  As  in  the 
foUovv'ing  Examples. 


Example  I. 

17?.     To  find  the  Superficies  of  si  Spbcre,  or  iltc 
'  Convex  Superficies  of  any  Segment  of  it.     . 
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Put  the  radius  EA  or  KB  =  a,  AC  =  x,  CB  Figi 
=  y,  and  AB  =  z.  L?t  ]5n  =  Cc  exprefs  the  naf-  -72. 
cent  or  very  firil  Moment  of  AC,  7ib  of  CB,  and 
B3  of  AB;  that  is,  let  Bn  =  x\  7ib  :^ y\  and  B6 
=  2';  then,  B/?  beins.  conlidcred  as  a  httle  nehc 
line  coinciding  with  a  tangent  to  the  point  B,  the 
triangles  ECB  and  ^zB  will  be  alike:  (for,  L.  CB;? 
=  Z-  EBZj  =  a  right  angle;  therefore,  L.  EB;z 
being  common,  Z^  CBE  zz  /Ln?ih\  and,  the  an- 
gles at  C  and  ^i  being  righr,  the  angles  CEB  and 
'^hi  muit  be  likewife  equal;  ergo^  &c. )  Wnerefore, 
by  4  E.  6.  EB   :  BC  ::  ^B  :  B/2,  that  is,  a\y\\  z' 

:  X  ;    '.*  s'  =  — ,  or,    {urt,    7.)    2;  =  _- ;  which, 

y  y 

fabftituted  for  2;,  makes  the  general  exprefllon  for 
tbeFluxionof  the  Conve:?^  Superficies,  viz.  cyz{art, 

131.)    =  cy   X  —  =:  cax\  the  Fluent  of  which  is 

y 

cflv=the  Convex  Superficies  of  the  Segment  ABH: 
And  therefore,  if  for  x  be  fubititiucd  2a,  we  (hali 
have  led}  ~  the  Superficies  of  the  whole  Sphere. 


Corollaries, 

1 .  The  Convex  Superficies  of  any  Segment  of  a 
Sphere  is  equal  to  the  periphery  of  a  great  circle  of 

'that  Sphere    multiplied    into  the  altitude  of  the 
Segment. 

2.  The  whole  Surface  or  Superficies  of  any 
Sphere  is  equal  to  the  periphery  of  it's  gieateft 
circle  multiplied  into  it's  diameter,  or,  equal  to 
the  Convex  Superficies  of  it's  circumfcribing  Cy- 
linder. 

L  2 
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Example  II. 

133.  To  find  the  Convex  Superficies  oiiht  Right 
^l^'  Cone  AIV%  whole  x\hitude  AE  is  given  ^  ^and 
7^'  bale-ciiamttcr  iV  :::^  Z'. 

V\i  AC  =  A%  and  CB  =  y.     Now,  the  triangles 
AEl  and  ACB  beingaiike,  by  4E.  6.  AE  :  EI  :: 

AC  :  CB ;    that  is,    a  :  \b  ::  x  :  y'y  \'  x  ■=1'^^ ; 

b 

the  Fkjxion  of  which  equation   is  x  zz  Z^  ;   V  x* 
;  which,  fubftituted  for  i'^,  makes  the  ge« 


neral  expreffion  for   the   Fluxion   of  the  Convex 
^  J. 

Superficies,  viz.  cyXx^  -^  f  ^  {ai'i.  131.)    =  cy  X 


--      c 


IflZ  H-  f  ^^--  X  W  +1'V;9';  the  Fluent  of 
which  is  4x  4^-  4-  b^'  r-^X  ^M^i>  ^  =: 

26'  ^  O 

(hecaufe   by    47     E.   1.   AI  -  AE^'  "+   EP^^  = 

2 
a'  -f  ^  /;-^^,)-iLx  AI  ~  the  Convex  Superficies  of 

the  Segment  ABH  :   And    by  writing  |i5  forj  we 
have;|:C^  X  lA  —  the  Convex  Superficies  of  th^. 

Cone  AlV. 

Cor  diary. 

The  Convex  Superficies  of  any  Right  Cone  is 
equal  to  half  the  circumference  of  it's  bafe  multi- 
piied  into  it's  flanc  height. 


BoSlrine  of  Fluxions.  ,149 

Example  III. 

134.    To  find  the  Convex  Superficies  of  the  Para- 
bolic Conoid  A3H. 

Put  the  parameter  of  the  parabola  =  a,  AC  -^  x 
and  CB  zr  3/ ;   then,   by  the  namre  of  the  curve,  ax  Fi^, 
==  j/Sj  the  Fluxion  of  which  equation  is  ^v  z=.  2j /;  ^4. 

therefore,  x  ~  ^,  and  x'^  =  ^!i.;   which.  Tub- 

a  a^ 

ftituted  for  .v*,  makes  the  general  expreffion  for  the 

Fluxion  of  the  Convex  Superficies,  viz.  cy  x  x^^j^  ^ 

AA,2    yS  T    f         C  .1^ 


yy;    the   Fluent   of  which    (art.    114*)  is  — 

12a 


^y*  +  ^'"1^ :  But,  at  the  vertex   A,  where;-,  va- 
nilhesor^  =  o,  this   fluentiai  expreffion  becomes 

—  x'^'~--;  therefore,  the  Fluent  con e6led 
=  12a  32 

c       A     ca^ 

{art.  117.)   IS  =  —  X  4/  4-  «~  1  --  =- theCon- 

vex  Superficies  of  the  Solid  ABH  required. 


CHAP.  VL 

Of  fnding  the  Contef?ts  of  Solids* 

135.     Let  be  be  conceived  indefinite!  v  near  and  7^/>, 
parallel  to  the  variable  ordinate  BC;  and  Bn  equal  7^. 

J^  3 
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and  parallel  to  Cc  the  Increment  of  the  variable 
abfcifsAC.  Now,  hecaufethe  little  parallelogram 
BCcn  is  cxpreffive  of  the  Increment  or  Moment  of 
the  plane  figure  ABC,  {art  124.)  therefore,  if  the 
folid  AlV  he  conceived  to  he  generated  by  the  re- 
volution ofthe  curvilineal  figure  AEI  round  the 
axis  AE,  tlie  indefinitely  little  cylinder  i^enerated 
by  the  faid  little  parallelogram  will  exprcfs  the  Mo- 
ment or  Increment  of  the  folid  at  the  term  BH; 
and,  becaufe  this  Moment  or  Incremcnc  is  equal 
to  the  area  of  the  circle  defcribed  by  the  ordinate 
CB  drawn  into  the  Increment  of  the  abfcifs  AC, 
theref  re.  (^art,  7.J  the  Fluxion  ofthe  Solid,  at  the 
term  BH,  is  equal  to  the  area  of  a  circle,  whof^ 
radius  is  the  ordinate  CB,  drawn  into  the  Fluxion 
of  the  abfcifs  AC. 

Or,  Let  the  cylinder  LG  be  generated  by  the 
parallel  motion  of  the  circle  LD.  along  the  line  LN; 
and,  at  the  fame  time,  the  folid  AI V  by  that  of  the 
concentric  and  variable  circle  ZF,  which,  at  the 
vertex  A,  is  fuppofed  indefinitely  fmall,  and  con- 
tinually enlarges  as  it  moves  along  the  curve  Al. 
Then,  it  is  plain,  the  folid  l\\Y  will  increafe  flower 
or  flow  with  a  lefs  degree  of  velocity,  than  the  cy- 
linder LG,  before  the  generating  circles  arrive  at 
the  term  HB;  and  afterwards  fafter,  or  with  a 
greater  degree  of  velocity:  therefore,  at  the  ikid 
term,  (where  the  two  generairig  circles  become 
equal,  or  their  peripheries  coincide  with  each 
other,)  they  will  increaff,  or  flow,  with  the  fame 
or  an  equal  degree  of  velocity.  Bur,  it  is  evident 
the  velocity  with  which  the  cylinder  tiow^  is  equal 
to  the  area  ofit\s  generating  circle  drawn  into  tie 
velocity  with  which  it  moves  along  the  line  LN; 
that  is,  the  Fluxion  ofthe  cylinder,    at  the  terra 
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HB,  is  equal  to  the  area  of  a  circle,  whofe  radius  is. 
CB^  drawn  into  the  Fluxion  of  the  line  LH  or  AC; 
Therefore,  ihe  Fluxion  of  the  Solid  AIV,  at  the 
term  BH,  is  equal  to  ihe  area  of  a  circle,  whofe  ra- 
dius is  the  ordinate  CB,  drawn  into  the  Fluxion  of 
theabfcifs  AC;  as  before. 

136.  Hence,  if  we  put  the  abfcifs  AC  ~x,  or- 
dinate CB  =  y,  and  c=  3.14159  &c.  —  the  femi- 
circumference  of  a  circle  whofe  radius  isi(^rM22.) 
then,  the  General  ExprefTion  for  the  Fluxion  of  the 
Solid  Content  will  be  =  cy~.r:  out  of  which,  by 
help  of  the  Equation  of  the  given  Curve,  x  or  if 
may  be  exterminated i  and  then,  by  finding  the 
Fluent  of  the  rcfulting  iluxional  expreflion,  we 
fhall  have  the  Content  of  the  Solid  ABH  required. 


Example  I. 


137       To  find  the  Content  of  a  Sphere,  or  of  any 
Segment  of  it. 


Put  AC  =  .V,  CB  =  V,  and  the  diameter  AD  =  ^'"^' 
a;  then,  by  33  E.  3.  AC  x  CD  ==  BC  x  CH,that.^^- 
is,  ax  —  oiP'  z=:f  ,*  therefore,  by  writing  ax  — x'^' 
for  y^,  the   general  expreffion    for  the    Fluxion  of* 
the  Solid  Content  viz.  ci/^  x  {art.  136. ">  becomes  =' 
ex  X  ax  —  x^  zz  caxx  —  cx'^  x^  the  Fluent  of  which 

is  '^^  'Iz.  3f^!zi.^'  =  the  Content  of  the 

Segnient  ABH:  And  therefore,  if  ^  be  fubllituicd 

1.4 
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'^  —  ica^ 


for  a?,  we  riiall  havc,^-Jr__ifl  =  ^  cd'  =  the- 

6 

Content  of  the  whole  Sphere  ABDH. 

Hence,  becaufe  tour  rimes  the  area  of  a  great 
circle  of  the  fphere  is  ~  c^',  and  the  conrent  of  a 
cylinder  circumfcribing  the  fphere  is  ~  J  ca^,  we 
have  the  following 


Corollary. 

The  Content  of  any  Sphere  is  equal  to  four  times 
the  area  of  it's  greateft  circle  rnultiplicd  into  -Jth 
part  of  it^s  axis,  or,  equal  to  two-third-parts  of  it's 
circumfcribing  cylinder. 


Example  II. 

_.  13B.  To  find  the  Content  of  the  TaraloUc  Conoid 
■^^^^  ABH,  generated  by  the  parabolic  fpace  ABC 
T^*         revolving  round  the  axis  AC. 

Put  the  parameter  zz  a,  AC  zr  x,  and  CB  =  2/; 
then,  by  the  nature  of  the  curve,  a^:  =y .  Now, 
by  fuoftituting  ax  for  2/\  we  have  the  general  ex- 
preffion  for  the  Fluxion  of  the  Solid  Content,  viz. 
cif  X  {art.  136.)  =  caxx ;  the  Fluent  of  which  is 
I  cax~  ==  (by  writing y^  for  a^r,)  i  cxf"  =  the  Con- 
tent of  the  Parabolic  Conoid  ABH  required. 

Or,  the  Fluxion   of  the  equation  of  the  curve, 

viz.  of  ax'^^'f^  \%ax'=^zyy\   therefore   x^ — ; 
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lyhlch,  fubftituted  forx,  makes  the  general  expref- 
fion  for  the  Fluxion  of  the  SolidContent,  viz.  cy^x 

(art.  136.)  =  r/  X  ^Jizzliy'l .    the  Fluent    of 
a  a 

which  is  ^--  z:  (by  writing  ax  fory,)  2  cxif  =  the 
la 

Solid  Content ;  as  before. 

Corollary^ 

The  Content  of  any  Parabolic  Conoid  is  equal  to 
half  of  it's  circiimfcribing  Cylinder, 

Example  III. 

1 39,     To  find  the  Content  of  any  Cone  AlV  whofe  p- 
bafe  is  a  circle.  ' 

Put  the  given  altitude  AE  =:  «,  and  diameter 
VI  r:  6.  Let  HB  be  parallel  to  VI ;  and  put  AC 
=  Xy  and  c  =  .78539  &c.  =  the  area  of  a  circle 
whofe  diameter  is  i.  Now,  the  triangles  AVf  and 
AHB  being  fimilar,  by  4  E.  6.  Ae.  :  VI  ::  AC  : 

HB,  that  is,  ^  :  Z'  ::  A-  :  --  HB;  therefore,  by 

a 

— V  2 

2  E.  12.  the  area  of  the  circle  HB  is  zz  -i    x  c  r; 
;  which  {art,  135.)  drawn  into  .v  is- 


a-  *"  a 
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the  Fluxion  of  the  Content  of  the  Cone  at  the  term 
CB;  the  Fluent  of  which  is- — 1-  =  the  Content 
of  the  Cone  AHB:  And,  therefore,  by  fubftitut- 
ing  a  for  a,*,  we  have z=l  l  c'/  a  ^^  the  Con- 

tent  of  the  Cone  AVI  required. 

Or  Put  the  aliitnde  AE  =:  ^.  the  area  of  the 
bafe  VI  -r  b,  and  AC  =  x-.  then,  (becaufe  fimi- 
lar  plane  Figures  are  as  the  fquares  of  their  homo- 

logous  fides,)  we  fliall  have  a'  \  b  :i  cc^  :  — tt  ~ 

a" 

the  area  of  the   fe^flion  HB;  which   {art.   135.) 

drawn  into  x  is   ^ .^^  :=  the  Fluxion  of  the   Cone 
a~ 

AHB ;  the  Fluent  of  which  expreffion  gives  the 

^/ 
Content  of  the  faid  Cone  =  v  x  — •  A^<^  therc- 

^        a' 

fore,  by  writing  a  for  x^  we  have  the  Content  of 
the  whole  Cone  AVI  zz: -r  ^<^.  Hence,  becaufe  b 
may  here  ftand  for  the  area  of  the  bale  of  any  Pyra- 
mid whatever,  we  have  the  following 


Corollary, 

The  Solid  Content  of  any  Cone,  or  Pyramid,  is 
equal  to  the  area  of  it's  bafe  multiplied  into  one- 
ihird-pait  of  it's  perpendicular  altitude;  that  is,  it 
is  equal  to  one-third  part  of  a  Cylinder,  or  Prifm., 
of  the  f^me  altitude  and  bafe. 
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Example   IV 


J40.     To  find  ihe  Content  o^  the  Solid  ABH,  ge-  J^ig^ 
nerated  by  the  Cijfoidal  Space  ABC   revolving  ^v^, 
round  the  axis  AE.* 

Pat  the  axis  AE  zz  a,  abfcifs  AC  ~  at,  and  or- 
dinate CB  =z:  2/i  then^  (as  was  found  in  art.  34.) 

x^  zz  aif  —  xf  :  and  therefore,  y'  :=: — - ;  which 

a — X 

fubftituted  for  y^,  makes  the  geaeral  expreffion  for 
;he  Fluxion  of  the  Solid  Content,  viz.   cy^  x  (art. 

130.;  —  • — -.= —  —  <:,v'je — caxx  —  ea^x 

a — X'       X  —  a 

^f^Lz=z — cx^  X — carx—carx-'Ca^X  _ZI_  ;    the 
Fluent  of  which,  (b.ecaufe  arL  21.  the  Fluxion  of 

'  the  Hyp.  Log.  of  a  —  a;  is >)   ^s  =       _ 

cax^ 


^  ca  ^^  cd'  X  Hyp.   Log.  oH  a  —  y^. 

But,  when  ^  IT  o,   (as  at  A,)  this  Fluent  becomes 
—  ^  cii    X  Hyp.  Log.  of  a:  therefore,  the  Flu- 

ent  correded  (arL  1 1 7.;  is  r:  —  — -_ ^ —  ^^-^  ^ 


^— •  cci^  X  Hyp.  Log.   of  a  —  x  +  ca   X  Hyp. 

*  ^ce  how  a  Cissoidis  generated,  art.  34.  note- 
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Log.  of  «  =:  (becaufe  the  DifFcrencc  of  the  Loga- 
rithms of  any  two  numbers  is  equal  to  the  Loga- 

riihm  of  their  Quotient,)  —  cxY,  'Ix' -^  i  m^r^a^ 

6 

-f  ca    X  Hyp.   Log.    of — ^_=  the  Content  of 

a  —  X 

the  S  lid  ABH  required. 

Corollary^ 

When  Af  ~  i  ff,  the  Content  of  the  Solid  will  btt 
rzca'^x:  _.|4.Hvp.  Log.  of  2  =  ca^'X 0.02648  &c, 
(See  Part  lil.  %.y?.  9.) 
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PART    IIL 


JMISCELLANEOUS  QUESTIONS, 
With  thcii:  Incremental  and  Fluxional  Solvt ions, 

I. 

In  an  Ellipfis  ABD,  whofe  Foci  are  the  points  F  ry 
\.    and  K,  if  a  right  line  B/  be  drawn  bifeding  the  ^' 
angle  FBK  ;  then  will  the  faid  line  be  perpendi-  ^^* 
cular  to  the  tangent  TBG.     ^(Ere  the  Demon- 
...     ft  rat  ion. 

,  Let  the  point  h  be  fuppofcd  indefinitely  near  to 
B  •,  and  with  the  lines  FB  and  YJ.\  as  radii,  de- 
fcribe  the  arches  "^m  and  hn\  then,  if  we  confider 
the  faid  arches  as  little  right  lines  perpendicular  lo 
Fb  and  KB  refpedtively,  ( becaufe  the  Sum  of  the 
lines  FB  and  KB  is  always  the  fanae  invariable 
cjiiantiiy,  viz.~/\D,  and  therefore  the  Increment 
mb  =  the  Decrement  nB,)  the  right  angled  trian- 
gles B«o  and  hno  will  be  equal  and  limilar,  as 
will  therefore  the  right  angled  triangles  Bmr  and 
i^nr;  and  therefore,  if  B^,  the  Increment  of  the 
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curve  AB,  be  fuppofed  ro  coincide  with  the  tan- 
gent BG,  the  angles  rb^  and  r^b  will  be    equals 
rhatis,  z.  FBT-IZ.KBG.     Therefore,  the  rigbc 
lineBT,  which  bi feds  the  Z.  FBK^  makes  the  JL 
/BT  =  Z.  /BG  =  a  Right  angle.     Q^E.  D. 


.v; 


IL 


^^'  In  an  Hyperbola  AB,  vvhofe  Focus  is  'the  point  F, 
and  traniverie  Diameter  is  DA  =  KA  —  AFj 
the  right  line  /B,  which  bifeds  the  angle  KBF, 
is  a  tangent  to  the  curve  at  the  point  B.  Qucire 
the  DemonClration. 

Suppofe  the  point  b  indefinitely  near  to  B,  and 
defcribe  the  little  arches  Btti  and  Bn  with  the  radii 
KB  and  FB.  Now,  becaute  the  Difference  of  the 
lines  KB  and  FB  is  always  the  fame  invariable 
quanting  viz.  =  DA,  the  Increments  w^  and  rib 
are  equal;  and' therefore,  if  the  arches  B;?/  and  Ihi 
be  confidered  a.s  little  right  lines  perpendicular  to 
Kb  and  Fb  refpedivelj',  and  Bb  (the  Increment  of 
the  curve  AB)  as  coinciding  wiih  the  tangent;  the 
little  right  angled  triangles  B/Jib  and  Bnb  will  be 
equal  and  fimilaf,  Theretore,  the  right  line  iB,  bi- 
fedino  the  angle  KBF,  is  a  tangent  to  the  curve 
at  the  point  B.     0.  £•  D. 


III. 

Fjg*     In  a  Parabia  AB,  whofe  Focus  is  the  point  F,  if 

<Ji,  a  right   Ime  KB  be  drawn   parallel  to  the  axis, 

and  the  angle  KBF  be  bifedtd  by  the  right  line 


Doctrine  of  Fluxions:  159 

tB ;  then  will  this  line  he  a  tangent  to  the  curve 
at  the  point  B.     ^tcpre  the  Demon (Iration  ? 

.  Let  the  indefinite  right  line  LK  be  perpendicular 
to  LF,  and  LA  tz  AF;  draw  kl?  indefinitely  near 
and  parallel  to  KB,  and  Em  equal  and  parallel  to 
Kj^;  and  with  FB,  as  a  radius,  df-fcribe  the  little 
arch  Bn,  Now,  becanfe  the  lines  KB  and  FB  are 
always  equal  to  each  other,  the  Increaienr  jpb  is  = 
the  increment  ;z^;  and  therefore,  (die  in  definitely 
fmall  arch  B«  beingr  confidered  as  a  little  rio;ht  line 
perpendicular  to  t^^,  and  the  Increment  of  the 
curve,  B^,  as  coinciding  with  the  tangent,)  the 
little  right  angled  triangles  Bmb  and  B//^are  equal 
and  fimilar.  Confequently,  the  right  line  /B, 
which  bifeds  the  angle  KBF,  is  a  tangent  to  the 
curve  at  the  point  B.     Q^E.  D. 


IV. 


^f{rre  the  Nature  of  the  Curve  APB? — fuppofing  rp- 
FP  or  CE,  thedillance  of  the  parallel  and  inde- g^ 
finite  right  lines  AC  and  PE,  to  be  given;  the 
right  line  AD  to  pafs  through  the  point  P;  and 
CE  X  CD  z::  CB  .* 

Put  CE  -  a,  abfcifs  AC  =  x\  ordinate  CB  =:/ 
and  CD  —  z.     Let   cd   be  fuppofed   indefinitely 

*  To  describe  the  Curve,  or  to  find  the  Point  B  ia  the  line 
CD  through  which  it  mu^t  pass  — Pnduce  CD  to  G,  making 
DGzz  FP  ;  describe  the  semicircle  GHC,  and  draw  the  per- 
pendicular ordinate  DHj  lastly,  make  CB-—  Dll ;  then  wrli 
,B  be  the  Point  required.  For,  by  35  £.  3.  GD  X  DC  —  DH  ; 
that  is,  KC  X  CD  — CR  . 
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near  and  parallel  to  CD;  and  Dw,  B;/,  equal  afid 
parallel  ro  Cc:  and  put  nb  —  y\  md  —  2;';  and 
Juppofe  TB  a  tangent  to  the  curve  at  the  point  B. 
jNow,  by  4  E.  6.  DC  :  CA  ::  dm  \  wD,    that  is, 

z:  X  ::z'  :  —zz  Dm  or  Bw,  and  bn :  ?;B  ::  BC  : 

z 

CT,  that  is,  y'  :  ^'  ::  y  :  2^'=  CT,or  (art.  7.) 

-•A-'  —  CT.     But,  by  the  quellion  given,  az  == 

^^;  the  Fluxion  of  which  equation  is^i;:z:  lyy  V  ^ 

~  _L.;  which,   fubftituted  fori,  makes  the  above 
a 

xyz>^         2xy'^ 

value  of  the  Subtaneent  CT  (viz.  — r-y  = = 

^  ^         zy  ^^ 

(becaufe  ■=^==  1,)  ^x.     Therefore,  {art.  28.)  the 
az 

curve  AB  is  a  Parabola^  whofe  vertex  is  A. 


Corollary, 

If  F  be  the  Focus;  then,  by  the  nature  of  the 
Parabola,  PF  =r  2FA;  and  therefore  DC  -  2CA 
zz  C T,  that  is,  2  n  2;;. 


i^;^.     If  TB  be  a  Tangent  to  the  given  Curve  AB;  and 

83.  another  Curve  AD   be  lo  defcribed  as  that  it's 

ordinate  CD  (hall  always  be  in  a  given  ratio  to 

the  correfponding  Segment  of  the  former  Curve: 
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then,  BT  will  be  to  TC  as  the  correfponding 
Segment  of  the  Curve  AB  is  to  the  Subtangent 
CV.     ^^rethcDemonftration  ? 

Put   GT  =  5,  TB  =:  /,    CD  -  Jy  AB  =  z  I 

and  let  c^  be  fuppofed  indefinitely  near  and  parallel 
to  CD;  and  Dm,  Bn,  equal  and  parallel  co  Cc; 
that  is,  let  md  —y',  and  B3  ~  s^.     Now,  BT  : 

TC  ::  ^B  :  Bn,    that   is,  /  :  si:  z':'^  =  Bn  or 

sz/ 
Dm  ;    and  dm  :  mD  : :  DC  :  CV,    that  is,  y'  :  — - 

::  yi'I^z::  CY,  or  {art.  7.)^=  CV.     Let  the 

given  ratio  of  DC  to  AB  be  as  a  to  b^  that  is,  y  : 

hy 
z  :i  a:  by  V  2;  n  — ;  the  Fluxion  of  which  equa- 
a 

by 
tion  is  2;  z=   — ;  which  fubflitutcd  for  z  makes  the 
a 

above  -~-  =  CV  n  -/  (which,  by  writing  z  for 
ty  at  ^  £> 

it's  vahie  -  ,  is)  =:  —  j    therefore,  t:  s  wz  i  CV, 
a  t 

that  is,  BT :  TC  ::  AB  :  CV.     Q.  E.  D. 


VI. 


in  the  Curve  ABD,  whofe  Equation  (putting  the  pi^^ 
abfcifs  AC  '=z  a:,  ordinate  CBtrj^,  and  the  bafe  3^^* 
AD  =  <?,)  is  ax  —  X-  •=:.  ay  -f  y  :    required 
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the  Radius  of  Currature  for  any  point,  and  ^ 
geometrical  Conftrudlion  toilluftrate  and  con- 
firm  the  Work. 

The  Fluxion  of  the  given  equation  of  the  curve 
is  ax  —  2XX  z=z  ay  -\-  lyy-^  which,  making  a:  =:  i, 
is  a  —  2.r  z=  «y  4-  Sjjjy;  and  the  Fluxion  of 
this  equation  again,  the  Fluxion  of  jj/ being  con fi* 
dered  as  negative,  is  —  2  in  —  ay  -f  2j/*  —  ^yy^ 

Hence  we  havey  — ,  y  •=. 2- — l:i_' 

.„^  j;  _■  Ad'  +  Uy  4-8/  -  Ux  +  8/-  ^    ^^^., 

a  +  2^1' 
eaufe  by  the  equation  of  the  curve,  8av  +  8/  zz 
.  %ax  —  8^?%    or    8^/^  +   8/  —  Sca'  +  %x^  =  o,) 
"+  -_^.     Now,  by  fubflitutingfor/and_y  thefe 


a  +  27^ 

their  values,  in  the  general  expreffion  for  the  Radius 

of  Curvature,  which  was  found  in  art.  74.  to  bezz 

t^il—  when  X  ~~  i  and  the  Fluxion  of  v  is  nc- 

y 

gative,  we  (hall  have ■•  '  -^     ^        :t .Tll 

^  +  22/)^ 


^..^  T— -L,  —  (bccaufe  40^  -4-  4/  —  4ax-h4.x^ 

cat  O,  ^  ■      - — --       X —     ZZ' — —  — ^ 

5=  pi  e  z:    the,  Radius  of  Curvature  required ; 

> 
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larhich  being  a  fixed  or  invariable  quantity  proves 
the  curve  to  be  an  ^rcb  of  a  Circle, 

Now^  if  the  Radius  of  a  Circle  be  "1^^^;  then,^? 

is  the  fide  of  it's  infcribed  fquare,  or  the  chord  of 
90°.  as  is  the  right  line  AD:  For,  if  the  faid  right 
line  AD  be  bifeded  in  F,  and  the  perpendicular 
FE  be  drawn  —  AF  zi  ^  «;  the  point  E  will  be 
the  center  of  thecirclej  and  confeque*^tly,  the  ra- 
dius will  be  AE  (zz  EF'^  +  FA^)^)  3=  f?l^  = 
^^  a.  And,  that^,  in  the  given  equation,  mufl 
flow  in  the  faid  chord  AD,  may  be  thus  denion- 
flrated:  Draw  the  right  line  BC  perpendicular  to 
AD,  and  let  it  be  produced  until  it  meet^  the  circle's 
periphery  in  G^  and  let  HI  be  drawn  equal  and 
parallel  to  AD :  then,  it  is  evident,  that,  CKzzAH. 
rzAD,  by  conftrudion;  and  KG  3::::  CB,  becaufe 
AC  zz  HK,  and  AB  =  HGj  therefore,  CG  = 
AD  +  CB?  But,  by  35  E.  3.  AG  x  CD  =  BC 
X  CG,  that  is,  (putting  AD  zz  a,  AC  zzoc,  and 

CB  —  /,)  X  X  a  -r  ^a?  qr.y  X  a  -^y,  or  ax  —  x^ 
:3=  «y  +  y.     Therefore,  ^c. 


Scholium. 

From  the  Conflrudlion  here  given,  it  appearSj 
that  the  C^ueflion  may  be  diverfified  fo  as  to  be 
adapted  to  any  regular  Polygon  that  can  be  infcribed 
in  a  Circle,  We  fee  here,  alfo,  ademonftration  of 
thie  juftnefs  of  tYitflwcional  Calculus  as  made  ufe  of 
*bovc. 
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VII, 


Suppofe  the  Earth  to  revolve  in  a  circular  orbit 
round  the  Sun  as  it's  center;  and  the  Moon  to 
revolve  round  the  Earth  in  the  fame  manner;  as 
alfo,  that  the  planes  of  their  orbits  do  coincide; 
and^that  the  diameters  of  the  faid  orbits  areas34:o 
to  i;  and  laftly,  that  the  Moon  performs  13.368 
revohitions  to  every  fmgle  revolution  of  the 
Earth,  ^^^r^  the  Nature  and  Defcription  of 
the  Curve  generated  by  the  Center  of  the  Moonj 
or,  whether  the  Curve  defcribed  by  the  Center 

(.  pf  the  Moon,  in  one  Lunation^  be  any-wher-i^. 
Convex  towards  the  Sun? 

f^^g'  Lift-Sreprefentthe  Sun;,  E,  the  Earth;  E^,  an- 
85,  arch  of  the  orbit  of  the  Earth  palled  over  by  it's 
center  in  one  lunation  of  the  Moon;  the  circum- 
ferenceof  the  circleEAFnthe  concentric  arch  4«?' 
Then,  (becaule  13.368-^—  i  zz  12.368  :z:thenum- 
ber  of  lunations  in  a  year  or  one  revolution  of  the 
Earth,  and  therefore  SA :  EA  ::  12.368  :  1 ,)  when 
the  Moon  is  in  conjunftion  with  the  Sun,  the  dif-. 
cance  between  the  Sun  and  Moon  will  be  greater 
than  the  diftanceor  radius  SA.  Now,  the  Curve 
defcribed  by  the  center  of  the  Moon  is  the  fame  as 
that  defcribed  by  a  point  M  (EM  being  thefemi- 
diameter  of  the  Moon^s  orbit,)  carried  round  by 
the  rotation  of  the  circle  EAF  on  the  arch  A«:  It 
is  therefore  of  the  Cycioidal  Kind ^  having  a  point 
of  Infledion,  if  every  Cycloid  defcribed  by  a  point 
within  the  generating  circle  is  inllecfled  as  well' 
upon  a  circular  as  upon  a  red f linear  bafe  [art,  65.). 
To  determine  which. 
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Put  S  A  or  SR  =  a,  E  A  or  ^R  =  p,  EM  or  em 

"^  €,  Rm  iz.  r,  Rd  =  Si  and  let  mC  be  the  Ra^ 
dius  of  Curvature  at  any  point  m,  which,  it  is  evi- 
dent, muft  pafs  through  the  point  of  con  tad  R.. 
Suppofe  the  point  n  indefinitely  near  to  m  :  Then, 
Rr  and  Rr  being  the  indefinitely  fmall  contempo- 
rary  arches  vi^ith  m«,  and  confequently  the  triangles 
Rmr  and  Rnr  equal  in  all  refpeds;  if  we  confider 
thefaid  little  arches  Rr  and  Rr  as  little  right  lines 
perpendicular  to  the  radii  er  and  Sr,  we  fhall  have 
the  jL  tnRn  =5=  Z.  rRr  r=  (becaufe  the  angles  ^Rr 
and  SRr  added  to  either  fide  of  the  equation  make 
it  two  right  angles,)  jL  Rer  +  Z.  RSr.  Now,  SR 
:  cR  ::  A  R^r  :  Z.  RSr,  and  SR  :  SR  +  Re  : : 
Z-  Rer  :  jL  Rer  +  jL  RSr,  that  '\s,a:  a  i-  b  ::  Z. 

R^r  :  Z.  mR7i  =  — — —  Z.   R^r.     Again ,   in   any 
a 

triangle,  3s  dmr,  if  the  angles  mdr,  mrd^  and  R7nr 
the  complement  of  the  obtufe  angle  to  two  right 
angles,  be  indefinitely  fmall,  they  will  be  propor- 
tional to  the  oppofite  fides  mr,  md,  and  dr*;  that  is^ 
dr  :  md  ;:  Z.  Rf^^r  :  Z.  mrd  j  and  dr  —  tnd :  dr  :: 
L.  Rmr  —  -Z  mrd  :  Z.  Rmr^    that  is,  mR  :  <^R  :: 


*  For,  let  the  triangle  be  circumscribed   (as  in  Jig.  86.)  by      . 
the  circle  rmd  :  then  will  the  arches  dm  and  rwr  diflfer  infinitely  ^^^«= 
little  from  their  chords  dm  and   mr,  which  therefore  may  be  36. 
taken  as  equal  to  them.    And,  since  by  20  E.  3.  the  angle  at 
the  center  of  a  circle  is  double  of  the  angle  at  the  periphery,  (he 
arches  or  chords  rm  and  mdare  the  measures  of  double  the  an- 
gles mdr  and  mrd  respectively  j  or,  the  angles  mdr  and  mrd  are 
to  each  other  as  their  opposite  sides  rm  and  md  ■  and  because  by 
32  E.  1.  the  angle  Rmr  is  equal  to  the  sum  of  the  angles  mdr 
znd  mrd;  therefore  the  measure  of  it  is  the  sum  of  the  arches 
or  chords  rm  and  md-f  which  differing  infinitely  little  from  the 
side  or  chord  rd,  may  be  considered  as  equal  to  it.    Ergo,  fkc- 
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L  Rdr  :  /L  Rnr,  or,  r:s ::  ^  L  Rcr  :  L  Rnr  ± 
L.  L  Ren     And  again,   L  RC»  :  L.  RnC  ::  Rw 

IT 

:  RC,  that  is,   A  »2R;i  —  L  Rnr:  L  Rnr  :t  Rm 

:  RC,  or,  l±^_i_  t,  Rer  :  --    A   Rev   ::  r  : 

a         XT  2r 

RC  =  - — ■ , Confequently,  mR  + 

lar  +  2br  —  as 


RC  =  mQ  = 


_       ^ar"  +  ^br"     _  r 


2ar  +  2br  • —  as  as 


la-^'ib 
the  Radius  of  Curvature  at  any  point  m. 

Now,  it  is  evident,  that,  at  the  point  of  Inflec- 
tion, the  Radius  of.  Curvature  muft  be  Infinite  ;or 
that,  on  one  fide  of  the  faid  point,  the  expreffion 
for  the  radius  of  curvature  muft  be  affirmative,  and 
on  the  other  negative  j  therefore,  r  muft  be  more 

than r  on  one  fide  of  the  fiiid  point,  and  on 

the  other  lefs ;  and  confequently,  at  the  point  of 

Inflexion,  r  =  • ;  which  ftibftituted  for  r. 

2^  4-  2^  .  ^ 

makes  {dm  X  mR  =)  rs  -  ^^1^M£^  ^ 

la  -I-  ib^ 

(becaufe  dm  x  mR  zzfmx  ma-^z)  b^ —  c";fron: 


which  equation  we  have  s  zz —-7— 

^2ab  -I-  d''   ' 

-—Or,  to  find  r,  fay  2ar  +  ibr  zz  asy  or,    s  zz 


Doctrine  of  Fluxions.  ^^1 


a 

a 


;    then,     (^m    X  wR  =)   rs —   r^  :=. 
=  (fmxmazz)  b'' — c^  j  which  equa- 


— ,  when  the  point  m 

a  -\-  20 

becomes  a  point  of  Infledtione 

Now,  as    mR  (r)   muft,    by   the  nature  of  the 

circle,   always    be  greater  than  ma;    that   is,  as 


— muft  always  be  more  than  b  —  c- 

a  +  2b      .,  ^ 

and  confequently,  li-ZHf.^  be  more  than  X^*, 
a  -i-  2.b 


ab  +  ac 


that  is, X  b  —  c  be  more  than  b  —  ex 


b  —  c;  therefore,    c  muft  always  be  more  thai> 

— ' — ;  that  is  EM  muft  bew(?rethan  a  third  pro- 
a  +  b  ^ 

portional  to  ES  and  EA  in  order  to  have  a  point  of 
Inflexion  take  place  in  the  Curve:  But,  in  the 
prefent  cafe,  ES,EA,  and  EM,  being  as  13.368,1, 

and  — : or  039;  therefore,  EM  is  less  than 

340  ^^'  ■ 

the  faid  third  proportional  j  and  confequently,  the 
Curve  Mmuy  generated  by  the  Center  of  the  Moon, 
has  not  a  point  of  Infledion,  or,  is  no-where  Con- 
:     vex  towards  the  Sun.     Q.  E.  I. 
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Corollaries, 


1.  When  r=J,  that  is,  when  the  point  »^  coin- 
cides with  ^^,  or  a  is   the   generating  point;  then, 

the  Radius  of  Curvature  will  be  z: — I — — 

ar  +  2hr 

zz — _" —  2r;   and  RC  ==  .. r;  b)^  analogy^ 

a+  2b:  a  ::  r  :  RC,    that   is,    SF  :  SA  ::  mR  : 
RC. 

2,  When  a  is  Infinite^  and  r  z=  j;  that  is, 
when  the  bafe  becomes  a  right  line,  and  the  point 
m  coincides  with  a,  or  the  curve  is  the  common 
Cycloid  ;  the  Radius  of  Curvature  will  be  =  2r. 
For  then^  2^r*  and  2h  will  be  infinitely  little  in 
comparifon  of  lar^  and  jr,  and  therefore  may  be 
rejeded. 

Fig,         3.     When  a  is  Infinite,  that  is,  when  the  bafe  de- 
g-7^      generates  into  a  right  line,  or  the  curve  is  the  pro- 
traded  or  interior  Cycloid,  as  in /«•.  87*  the  Radius 

of  Curvature  will  become  rz 


%ar  —  as      2r  —  j ' 

and,  therefore,  at  the  point  of  Iniiedion,  where  the 
radius  of  curvature  is  infinite,  ir  zz  j,  that  is,  Rm 
zz  md\  and  cbnfequently  the  right  line  Kd  is  per- 
pendicular to  the  radius  ea^  and  the  point  a  is  in  the 
bafe  NM.  Whence,  to  find  the  point  of  Inflexion 
we  have  the  following  Confi:rudion,  viz.  Make  PR 
=  ag^  or  AR  zz  Vgy  draw  Re  equal  and  parallel 
^o  the  radius  PO;  make  ra  zz  N^;  draw  the  right 
Vmcea-y  and^    Jaflly,   make >w  =:  ON:  Then  will 
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;;;  be  the  point  of  Inflexion  in  the  interior  Semicy- 
cloid  WA/M, 


VIII. 

Th^  Fluxion  of  the  Hyperbolic  Logarithm  of  any 
quantity,  is  equal  to  the  Fluxion  of  that  quantity 
divided  by  the  quantity  itfelf.  ^^re  the  De- 
monftration  ?   (See  art,  21.) 

Let  YAI  be  an  Hyperbola,  whofe  aflymptotes 
are  the  perpendicular  right  lines  EZ  and  ET,  and  ^^' 
whole  parameter  is  AP  =  EP  :=^  1 5  draw  any  ordi-  "* 
nateCB parallel  to  PA:  then,  (as  Writers  on  Conks 
demonftrate,)  the  Space  PABC  will  be  the  Hy- 
perbolic Logarithm  of  the  line  EC  ;  and,  therefore, 
the  Fluxion  of  the  fpace  PABC  will  be  equal  to 
the  Fluxion  of  the  Hyperbolic  Logarithm  of  the 
iine  EC.  Now,  the  Fluxion  of  this  fpace,  putting 
EC  =  07  and  CB  -r:  ?/,  is  (by  art,  124.)  :=:  y^', 
and,  by  the  known   property  of  the  curve,  EC  : 

EP  ::  PA  :  CB,  that  is,  a? :  i  ;:  i  :  j  zz  i  :  there- 
fore  2/^  =  -  that  is,  the  Fluxion  of  the  fpace  PABC, 

X 

or,  of  the  Hyperbolic  Logarithm  of  the  line  EC> 
is  equal  to  the  Fluxion  of  the  faid  line,  divided  by 
the  line  itfelf.  Q.  E.  D. 

N.  B.  By  a  Space  or  Line,  is  meant  it'is  Numerical 
Meafure. 

IX. 

fhe  Hyperbolic  Logarithm  of  i  being  o,  what  is 
the  Hyperbolic  Logarithm  of  10.;  {Sec art.  21.) 
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Fig.        Let  EZ  and  ET  be  the  afymptotcs  of  the  re6t- 

.89.      angular  Hyperbola  YAl,  whofe  parameter  is  AP 

=  PE  =  I.     Then,  the  area  of  the  fpace  PABC 

EC 

will  be  the  Hyperbolic  Logarithm  of  -—5,  that  is^ 

of  EC;  the  area  of  the  fpace  PA^c  will  be  the  Hy- 

FP  I 

perbolic  Logarithm  of  — ,  that  is,  of  —  ;    and, 

Ec  Ec 

the  area  of  the  fpace  cZjBC  will  be  the  Hyperbolic 

EC 

Logarithm  of— _•  the  right  lines  or  ordinates  CB 
Ec 

and  cb  being  fuppofed   parallel  to  the  afymptote 

EZ.     Now,  to  find  thefe  areas. 

1°.    Put  Pc  =  Ar,  and    ch   =j'-,    then,  by   the 

known  property  of  the  curve,  y  =  — . —  J  which, 

(art,  124. )   drawn  into  at,  is  yx  =  — =  the 

I  — •  X 

Fluxion  ofP^  zz  (by  throwing      ^      into  a  Se- 

I   —X 

lies,  art.  102.)  x  -^  xx  -^^  x""  x  +  a:^v  +  x"^  x  '\- 

X^  X    +     X^  X  +    X''  X    ^   X*  X   -^   X^  X   ^  X^""  X  + 

.J?"  X  +  ^c.  therefore  the  Fluent  of  this  feries,  viz. 

X-^'^X^  -^'J^x'-h^X^  +  ^xS  +  ^y;'^  Lx'  + 

ix'  i^  ^x^  +  ^v^'°  +  tV^"  +  xT^''  +  ^c.  is 

=  P/^. 

2*"  Put  PC  =  X,  and  CB  =_y  5  then,  y  - 


I   +  X 


and  {art.  i24,)yx  z::  : — _ —  n  the  Fluxion  of  PB 

i   +  X 
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2=  (by  throwing — ^ —  into   a  Series,  art.  103.)  x 

XX  J^^ol^  X  --  x^  x-V  X^  X  —  x'^  X  \-  X^  X  —  x'  X 

+  ^8  i  —  x"^  X  -h  x^""  X  —  A?"  ^  +   <^c.  therefore 
^l^e  Fluent  of  this  feries,  viz.  x  —  \  x^  -V  \x^  — 

+  TT*"  — ^.  ^''  +  ^cis  -  PB. 


If  Pc  =  PC,  the  area  c^BC,  v\^.  the  fum  of  P5 
and  PB,  will  be  rr  2  x  :;?  +  |  ^^  +  f  ^^  4-  |r  a;^ 
+  i  ;f^  4.  Vt  /'  +  ^^-     And  P^  —  PB  will  be 

That  is,  if  Ec  z:  .9,  and  cP  ir  PG  -  .1;  then, 
by  fubftjtuting  .1  for  Xy  we  (hall  have  cB  = 
.2006706954  ^c.  and  P^  —  PB  ~  .0100503 ;; 5 8 
^c.  half  of  which  added  to  half  ^B  is  .1053605156 

Sffc.  z=  P^  =  the  Hyp.  Log.  of   -.     And,  if  Eg 

•9 
=  .8,  and  ^P  =  PC  :=:  ^  =:  .2;  then,  by  writing 
.2  for  AT,  we  have  ^B  zi  .4054651081  i^c.  =  the 

I  2 

Hyp,  Log,  of-LjandP^  —  PB=  .0408219945 
•0 

(ifr.    half  of  which  fubtraded   from  half  c&   is 


1823215567  i£c.  =  PB=  the  Hyp.  Log.  of  i 


.2 
I 
or    1.2  j    and    this   fubtraded    from  ^B   leaves 


.2231435513  ISc.  =  P^  zz  the  Hyp.   Log.  ofl^ 
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Therefore,  by  the  Nature  of  Logarithms,  the  Hyp*. 

Log. of  -i  x-^X  1.2,  viz.of  2,isz=.io536o5i56      i 
•9        .8  I 

^c.-h  .4054651081  ^c.  +  .1823215567  Ssf ^.  = 
.6931471805  &c,  and,  the  Hyp.  Log.  of  2'^,  viz. 
of  8,   is— 3  X  .693 147 1805  <^r.  =2.0794415416 

^c,  and',  the  Hyp.  Log.  of  8   X   —  ,  viz.  of  10,  is 

.8 

zr  2.07944154I6    ^c.    4-   *223r4355T3   &c.   = 

2,3025850929  £5?C.CLE.  I. 


X. 

j^^^      Let  the  given  right  Hne  CA  turn  uniformly  round 
^^^         the  point  C  as  a  center;  and,  let  a  point  be  fup- 
*  pofed  to  pafs  with  an  uniform  motion^  from  A, 

along  the  right  line  AF,  equal  and  perpendicu- 
lar to  the  faid  line  C  A,  and  fuch  velocity,  as  to 
arrive  at  Fat  the  fame  time  that  the  faid  lines 
come  to  be  in  their  firft  fituation:  then,  by  this 
point,  will  the  Spiral  APBFbe  defcribed.  Quaere 
the  Area  of  any  Space  AR^BPA?*, 

Put  CA  =  AF  =z  a,  the  circumference  of  the 
circle  AR^A  zz  ^,  «B  =:  v,  arch  DB  (defcribed 
with  the  ordinate  or  radius  CB,)  =  ;f,  CBzzj^', 
arch  AR«  z:  z,  Bw  =  .v',  and  ^a  zr  %'.  Now, 
(fuppofing  Btz,  the  Increment  of  the  arch  DB,  to 
be  a  little  right  line  perpendicular  to  the  radius 
CB,)  if  wedraw  /jG  perpendicular  toCB,  the  Mo- 
ment or  Increment  of  the  fpace  ARtfBD,viz.<«B7ia^?> 

*  This  Curve  was  invented  Anno  1^56. 
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will  by  41  E.  I.  be  =  |-  GB  x  Bn  =  (becaiife  by 
8  and  4  E.  6.  CB  :  B^  ::  ^B  :  BG,  or, >  :  v  :: 

V :  BG  =  — ,)  ;  therefore,    art  7.  the  Flux- 

y       %y 

!on  of  the  faid  fpace,  which  is  =:  the  Fluxion  of  the 

fpace  in  queflion,  is  ~ .     But,  it  is  plain  fro'cn 

22/ 

die  generation  of  the  Curve,  (afj  a  :  b  ::  i  !  i;  =5 

^A  ancl(C«}  «  :3/  ::  ;i  :  i  =Jf5=  JL  X  i"=  ^  ;  . 

a  a       a        a      a 

which  fubftitiated  for  x  makes  the  above  Fluxion  of 

die  fpace  in  queftion  =:  — ^^  the  Fluent  of  which 

2a' 

is  -1.^  z=  the  Area  of  the  Space  required;  And  there* 
oa" 

fore,  by  writing  a  for  u,  we  fliall  have  the  Area  of 
ihe  whole  fpiral  Space  ARAFBPA  -^  ^  ah  —  ^ 
the  Area  of  the  Circle  CAR^A.     Q.  E.  I.. 

Or.,  By  47  E.  uv  zz  f—cf\^y  the  Fluxion  of 
which  equation  is  u  =:  - — :^i  therefore  x  (te 

-=^)  =  --o^  ^======:r-;    which  fubftituted  for  x^ 

a"  a"    f  — .  a^\ 

makes  |-j/;c' viz.  the  Fluxion  of  the  Area  ^r^  124. 

h 

( for  CB  and   C^B  defcribe  equal  Spaces,)  =  — - 


yy        b      zfy  —2^yy  ^  ^ ,  ^ 


M""  C„1     ^  .1  "^^-i  ..4^  "^ 


f  —  a^f     ed"  y'  —  (ff) 
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^•;--^     TT  j  the  Fluent  of  which  expreflion  is-r- 
y^  —  arf  ^  6a' 

'  X  y^^^^^^^^^^^,^  +  ^b  X  y"  -'  a^*  zi  the  Area  of 
the  Space  AC^BPA.  So  that,  by  writing  xa'^  for 
/,  we  have  the  area  of  the  Space  AFBPA  -=r  ^ah-, 
from  which  if  we  take  t^Z»  (the  Area  of  the  Circle 
ARA,)  there  will  remain  "^  ah  ^  the  Area  of  the 
whole  fpiral  Space;  as  before. 


Corollary. 

%{art.    38.)    is=^x ^y-- 

y  y        a'  X  /— aV 

by  ^y    —  ti^e  Subtangent  CT. 


Conftruction.  Through  the  center  C  draw  the 
indefinite  right  line  AT  perpendicular  to  the  ordi- 
nate CB;  defcribe  through  the  points  A  and  B  a 
femicircle  ABH ;  make  CI  =  the  circumference  of 
the  circle  ARA,  and  CK  =:  ^B;  draw  right  lines 
HK  and  IL,  and  parallel  to  IL  draw  MB;  laftly, 
produce  CB  to  N,  making  CN  =  CM,  and  draw  a 
right  line  NT  parallel  to  KH:  then  will  T  be  the 
point  from  which  a  ^d^ng^ni  to  the  point  B  muft 

be  drawn.     For»  (AC)  a\y:',y:<^  =   CHj    and 

a 

(LC)^:(CI)*::(BC)j)' :  CM  =  ^   =    CN; 

tt 

and  (KC)'y  :(CH) ■?!.'::  (NC)-^:CT=^. 
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XI. 

rhi^re  the  Content  of  the  cylindrical  Ring  ABDR?  ^^S' 
—  the  radius  EA  of  the   inner  circumference  9^* 
being  given  =  a;  and  AD,  the  diameter  of  the 
ring,  or  of  the  generating  circle,  =  ^. 

Put  any  arch  LA  =  x,  and  .78539  &c.  =  c  i 
fuppofe  E^  indefinitely  near  to  ED  ;  and  defcribe 
the  concentric  pricked  circle  CR,  making  AB  = 
BD  =z  t  ^*  Then,  the  Moment  of  the  ring,  viz. 
Ac/,  will  be  equal  to  the  area  of  the  generating  cir- 
cle AD  drawn  into  the  Increment  B^.     Now,  EA: 

Aa  ::  EB  :  B^,  that  is,  a\x'y,a  +  ^h  ::  x'  +  — 

=  B^  :  and  the  area  of  the  circle  AD  =  U^  c  :  there- 
fore, the    Moment   of  the   ring   iszzb^  c  x  x'  -\- 

.^  =  b  ex'  -i-  ,  or  us  Fluxion   {arL  7.)  = 

2a  2a 

P  ex  +^—',  the  Fluent  of  which  is  P  ex  +  ~ 
la  2a 


^i+^-Xb^^cx  —  tht  Content  of  the  Ring  from 
2a 

L  to  A;  and  therefore,  by  fubftituting  Sac  for^, 

ve  have  the  content  of  the  whole  Ring  =  i  +  — 
^  2a 

A  ^aP  c^  zz  P  cX  2^?+  h  X  4c  =z  the  area  of  the 
generating  circle  AD  drawn^nto  the  circumference 
of  the  pricked  circle  BR.     Q^  E.  I, 


92. 
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XII. 

If  a  heavy  Sphere,  whofe  diameter  is  4  inches,  be 
let  fall  into  a  conical  Glafs  fth  full  of  Water, 
whofe  diameter  is  5  inches  and  altitude  6;  how 
much  of  the  Sphere  will  be  immerfed  in  the 
Water  ? 

Put  the  altitude  VH  zz  6  zza;  radius  HF  =  2.5 
n  ^;  3.14159  &c*  {art,  122.)  ■=^C',  AD,  the  dia- 
meter of  the  fphere,  =  4  ~  d;  and  AC,  that  part 
of  the  faid  diameter  under  the  water,  "=.  x  ;  then, 
Cjy  zz  d  —  X,  Now,  the  capacity  of  the  glafs  is 
=  f  ay^  c\  and  therefore,  by  the  queftioh,  the 
quantity  of  water  in  it  is  —  xj  ^^^  ^-  By  is  E*  3* 
AC  X  CD  =  CB"*,  that  is,  dx  —  x^  r=  the  fquarc 
of  the  radius  of  the  fedion  of  the  fphere  ;  therefore 
the  area  of  the  faid  fedion  is  *=  cdx  —  cx^\  which 
drawn  into  x  is  cdxx  —  cx^  x  zz  the  Fluxion  of  the 
fegment  of  the  fphere  under  the  water  ;  the  Fluent 
of  which  is  ^  cdx^  —  ^  c:^  =  the  content  of  the 
faid  fegment.     Hence  (fmiilar  folids  being  as  the 

XT 


cubes  of  their  homologous  fides,)  f  ah'^  c  :  d^ 

VCl     But,  VF  z=  ^/^+^;  and   HF  :  FV  :: 
GE  :  EV,  that   is,  b   :   ^Z  «-  4-  ^  ::  f  ^:  —- 

\^lF¥b'  =  EV;   V  VA  f-z  VE  -^  AE)  =  -^ 

v^  d^  -f  ^*  —  i   d  zi  3,2,  which '  put  r:   ^,  then 
YC=^  e  +  X,  and  VC^  zz  ^^  +  ^e*  x  +  ^ex    +  x^^ 
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zz  (becaufe  by  tHe  above  VG^  is  ~ )  f  a^  -f  ^ — -^ 
*—  3.JL.     Now,  this  equation  produces  loa-'hioi)^ 

lO^^  (?^,  that  is,  422.5^;'^— •  i56o;c^-f-i92ojcz:652; 
which  equa'ion  divided  by  422.5  is  :t''^ —  3.692;?^ 
4-  4.544-^  —  1'543;  whence  «■  may  be  found  =s* 
.546  =  AC=Mhat  Part  of  the  Diameter  of  thft 
Sphere  under  the  Water.     C^E.  L 


SCHOLIUM, 

WE  might  now  proceed  to  the  inve{!igation  of 
the  Centers  of  gravity,  percuj/jon^  and  osciUaiim^ 
and  a  great  variety  of  other  Problems  in  the  varion^ 
branches  of  Mathematical  and  Philofophical  Sci- 
ence:  bur,  this  Trad:  being  intended  as  an  Intm^ 
ductiott  only,  for  thefe  Things  we  muft  refer  the 
Learner  to  ihe  larger  and  more  extenlive  Books  on 
the  Subjedl*;  in  which,  though  he  may  meet  wirh 
many  Difficulties,  it  is  hoped  they  arc  jnot  fuch 
but  he  will  now  be  able  to  furriiount. 

The  Books,  in  EngJiJh,  profelTedly  on  the  Subjed^ 

are, 

I.  A  Treatife  of  Fluxions:  or,  an  Introduftion 

*  The  Author  particulariy  refers  to  the  Works  of  his  it^f 
celebrated  Friends^  hU-Zmcrson  and  tbeJate  Air-  SiTf^sak. 

2C 
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to  Mathematical  Phiiofophy.  Containing  a  full 
expiicanon  of  that  Method  by  which  the  moH:  ce- 
leb aied  Geometers  of  the  prefent  Age  have  made 
fuch  vaft    Advances    in    i\techanical    Phiiofophy: 

B/  Charles  Hayls,  C^/2/.- Folio.  315  Pages, 

Cuts,  1704. 

2.  An  Inflitiuion  of  Fluxions:  Containing  the 
firft  Principles,  the  Operations,  with  fome  of  the 
Ufes  and  Applications  of  that  admirable  Method. 

By  Humphry  DiTTON. Odavo*  240  Pages, 

Cuts.  1706. 

N.  B.  A  Second  Edition  was  printed  In  the  Year  I726. 

3.  The  Method  of  Fluxions,  both  Direct  and 
Jnverfe.  The  former  being  a  Tranflation  from  the 
celebrated  Ms^rqim  De  L' Host' ital's  Analyfe  des 
Infincments  Petits;  and  the  latter  fupply'd  by  the 

Tranflator,  E.  Stone,  F.  R.  S. Odavo.  450 

Pages.  Plates,  i  730. 

4.  The  Doclrine  of  Fluxions,  founded  on  Sir 
Laac  Newton*s  Method,  pubhdied  by  himfelf  ia 
his  Trad s  upon  the  Quadrature  of  Curves.  By 
James  Hodgson,  F.  R.  S.  and  Mafter  of  the  Royal 

Mathematical   School   in    Chrill's   Hofpital. 

O'^arto.  452  Pages.  Cuts.  1736. 

N.B.  The  Title-page  was  reprinted  in  1756;  and, 
again,   in  1758. 

,5.  The  Method  of  Fluxions  and  Infinite  Series; 
Withit*s  Application  to  the  Geometry  of  Curve- 
Lines.  By  the  Inventor  Sir  Isaac  Newton,  K^ 
Jate  Prefident  of  the  Royal  Society.  Tranllated 
from  the  Author's  Latin  Original,  not  yet  made 
mibfrc/    To  wliichisTuhjoined,  a  Perpetual  Con:-- 
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rnent  upon  the  whole  Work.     By  John'Col50N, 
M.  A.  and  F.  R.  S. Quarto.  339  Pages.  Cuts. 

N.  B.  The  fame  Piece  was  tranflated  by  another  Hand; 
and  publi(hed,  without  a  Comment,  in  the  Year  1737, 
Odavo.  189  Pages.  Cuts. 

*^*  The  Original  was  written  in  the  Year  167 1  ;  but 
founded  on  a  fmaller  manufcript  Tra6l  compofed  in  No^ 
vember,  1666;  in  which  the  great  Inventor  ufed  the  fame 
Method  of  noting  the  Fluxions  of  variable  Quantities  as 
that  which  he  afterwards  generally  followed,  that  is, 
Poi?iling, 

6.  A  Mathematical  Treatife:  Containing  a  Syrtem 

of  Con ic-Se6l ions';  with  the  Dodt'ine  of  Fluxions  ^ 
ana  Fluents,  applied  to  various  Subjects;  viz.  to 
ihe  finding  the  Maximums  and  Mmimums  of 
Quantitiesi  Radii  of  Evolution,  Refradion,  Re- 
fiedion;  fuperficiaiand  Iblid  Contents  of  curvilinear 
Figures;  Redtificarion  of  Curve-lines;  Centers  of 
Gravity,  Oiciiiation  and  PercufTion  :  as  aifo,  to 
the  Refolution  of  a  feled  CoUedlion  of  the  moll 
iifeful,    and    many,  new,    Phyfico- Mathematical 

Problems.     By  John  Muller. Quarto.  227 

Pages.  Plates.  1736. 

7.  The  Dodrine  and  Application  of  Fluxions. 
Containing  (befidcs  what  is  common  on  the  Sub- 
je6f)anumber  of  ?z^i£;  Improvements  in  the  Theory 
and  the  Solution'"of  a  variety  of  new  and  very  inter- 
efting  Problemsin  different  Branches  of  the  Mathe- 
matics. By  Thomas  Simpson,  F.R.S.  — 2  Vo- 
lumes, Odtavo.  576  Pages.  Cuts.  1750. 

A  third  edition  of  this  work  was  publirtied  in 
1805,  by  William  Davis,  then  editor  of  the 
Gentleman's  Mathematical  Companioo,  &c.   To 
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i^  4n.  Inlrod^Sl:6n  to  the 

tliis  Eikl^n  is  prefixed  an  Account  6i  the  Author's 

Life. 

*»  ♦  This  Work  is,  perhaps,  not  inferior  to  anv  on 
the  §uhic<^. 

tit  This  great  and  penetrating  Genius  was  hora 
4uft<st  the  2qth,  l7lO,  and  died  May  the  14th,  1761. 

8.  A  Treatife  of  Fluxions.  By  Colin  Mac 
Lauri^n,  a  M.  Proft'iror  of  Mathematics  in  the 
Uniyerfiry  of  Edinburoh,  and  F.R.S.- 2  Vo- 
lumes, Q^iarto,  754  Pages.  Plates.  1742. 

*^*  In  this  Madcrly  Work,  the  Subje6l  is  handled 
agreeahle  to  the  Method  of  reafoning  ufed  by  the  ancient 
Matlieniaticians. 

tit  f^'^  celebrated  Writer  was  born  in  February^ 
1698,  and  died  Jz/.//e  the  Mth,  174-6. 

AvStcond  Edition  of  this  work  was  publidied 
in  180T,  by  the  late  Wm.  Divies,  then  Editor  of 
tl  e  Gentleman's  Mathematical  Companion,  and 
Author  of  a  Compleat  Treatife  on  Land  Survey- 
ing, &c.  To  this  Edidon  is  prefixed  an  Account 
of  the  Life  of  the  Author,  the  whole  embellifhed 
with  a  Striking  Likenefs  of  him,  taken  from  his 
Bud  in  the  Royal  Oblervatory  at  Greenwich,  by 
Pcrmiriion  of  the  Reverend  Dr.  Mafkelyne,  Aifro- 
nomer  Royal. 

9.  The  Di^lrine  of  Fhixions :  not  only  ex- 
plaining the  Elements  thereof,  but  alfo  its  appli- 
cation and  ufe  in  the  leveral  parts  of  Mathema- 
tics and  Natural  Philofophy.  By  W.  Emerson. 
The  Secon«.l  Ediiion,  corrected  and  greaily  enlarg- 
cdj Oclavo.  432  Page s.  1757. 
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N.B.  The  Firft  Edition  of  this  elegant  and  excellent 
Work  was  printed  in  the  Year  1743.  O6lavo.  300  Pages. 
Plates. 

10.  Sir  IJaac  Newton  %  tvvo  Treatifes,  of  rhe 
Quadrature  of  Cu'-vcs  and  A  laiyfis  by  Equacions 
of  an  infinite  number  of  Tcnu?,  explained.  Con- 
taining the  ireaiifes  chemfelvcs,  tranilated  inco 
Eni2,lilh,  with  a  large  Cjinmentary.  By  John 
Stewart,  A  IM  Profeiibr  of  Maihemaiics  in  the 
Marilhal  Collei^eand  Unive  fity  of  Aberdeen. — ■ — 
Qjjarto.   479  Paaes.   Cuts.  1745. 

fif  The  Analvfis  by  Equations  was  firft  written  before 
the  Year  1669  j  and  the  Quadrature  of  Curves  before 
the  Year  1676:  But,  the  laft  Scholium  in  the  Quadra- 
tures was  added  but  juft  before  the  l>a£f  was  published, 
which  was  by  the  great  Author  hinifelf  in  the  Year  1704. 
Ihe  Analyfiswas  firft  printed  1711, 

11.  The  Method  of  Fluxions  applied  to  a  felecl 
number  of  uleful  Problems.  By  Nicholas 
Saunderson,  L  L.D.  Late  Profeffor  ot  Mathe- 
matics  in  the  Univerfity  of  Cambridge. Oc- 
tavo. 309  Pages.  Places.  1756. 

12.  ATreatife  of  Fluxions.  By  Israel  Lyons, 
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N  4 


TO 


THE  READER, 


1  WAS  induced,  from  the  many  Dlfputes  concern, 
ing  Sir  Isaac  Newton's  Method  of  Fluxions,  to 
try  if  that  mod  ufeful  and  noble  Kind  of  liivelli- 
gation  might  not  be  eftablifh'd  upon  more  obvious 
Principles.  This  gave  Birth  to  rhe  following  Ef- 
fayj  which,  therefore,  you  are  defired  to  confider 
as  an  Explanation  of  the  Doftrine  itklf,  and  not  of 
Sir  Isaac's  Manner  of  delivering  it.  About  that 
I  don't  mean,  nor  pretend  to  take  a  Part  in  any 
Controverfy.  It  was,  doubdefs,  agreeable  to  our 
Great  Author's  unbounded  Invention  and  Dif- 
ccrnment  :  but,  I  prelume,  a  more  familiar 
Demonftration  and  Pbrafewill neither  be  unaccept- 
able to  you,  nor  at  all  derogatory  to  the  Merit  of 
HIS  Performance,  whilft  they  tend  to  confirm  and 
elucidate  the  very  fame  Truths. 

Be  pleafed  to  remark,  in  the  following  Pages, 
with  the  greatefl:  Care,  that  Fluxions  are  not 
Quantities  actually  generated,  but  exifting  inPoJ/f; 
inch  as  would  be  generated  in  the  fame  invariable 
Portion  of  Time. 


AN 

ESSAY 


ON  THE 


THEORY  OF  FLUXIONS, 


X  HE  Produdlions  of  an  exalted  Genius  are  very- 
liable  toMilconftrudlon  and  Cavil,  as  the  Subjed 
is  often  clouded  with  some  natural  Intricacy. 
Hence,  particular  Illuftrations  and  eafier  Methods 
of  Proof  become  requifite  5  but  it  is  a  Truths  not 
enough  attended  to  perhaps,  that  thefe  Devices 
are  not  the  proper  Task  of  ableO:  Pens.  Such  In- 
quirers, too  nearly  refembling  the  Author,  never 
feel,  all  the  Weight  of  a  prefFing  Difficulty  :  befides 
a  quick  Conception  is  ftill  apt  to  caufe  an  unufual 
Conciienefs;  which,  no  doubt,  mull  obfcure  the 
Senfe  to  many  who  perceive  not  but  by  an  eafy 
Chain  of  Confequences. 

This  feems  a  reafonable  Apology  for  my  attempt- 
ing to  explain  the  Thcjory  of  Fluxions,  that  im- 
portant Doctrine.  What  I  can  offer  may  be  bet- 
ter adapted  to  give  general  Satisfadlon,  than  are 
the  lofty  EfTays  of  eminent  Mathematics.     Such, 
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however,  is  my  encouragement  to  the  great  Under- 
taking, and  fo  are  my  Hopes  of  Succefs  foun^^ed  : 
if  I  fhould  fail;  In  magnis  voluisse,  sat  est. 


General  DErixiTiON, 

The  word  Fluxion  properly  apply'd  always 
fiippofes  the  Generation  of  (ome  Quantity  (termed 
Fluent  or  Flowing  Q^iantity)  with  an  equable,  ac- 
celerated, or  retarded  Velocity,  and  is  itself  the 
Quantity  which  might  be  uniformly  generated, 
in  A  CONSTANT  Portion  of  Time,  with  the 
Amount  or  Remainder  of  that  Velocity,  at  the 
Inftant  of  finding  SUCH  Fluxion. 


Illustration. 

Suppofe  a  Point  D  to  move  from  A  with  any 
Velocity,  viz,  equable,  accelerated,  or  retarded. 
And,  at  the  Inftant  D  leaves  A,  let  EF  be  taken 
■^^I'  equal  to  the  LiVie  which  might  be  geni. rated  in  a 
^*  constant  Portion  oy  Time,  »m,  uniformly, 
with  the  Velocity  of  D  at  that  Inftant;  for  then  is 
EF  the  Fluxion  at  A.  Now,  if  AD  be  generated 
with  an  equable  Velocity,  or,  in  othtr  Words,  if 
the  Velocity  at  A  be  the  Velocity  in  every  Point  of 
AD,  it  is  plain  EF  is  a  conftant  Quantity,  and  of 
courfe  can  have  no  Fluxion.  And,  on  the  other 
hand,  when  AD  is  generated  with  an  accelerated 
or  a  retarded  Velocity,  let  the  Line  EF  be  lo  in- 
creafed  or  decreafed  by  the  Motion  of  a  Point  F, 
whilft  D  moves  from  A.,  that  thisincreafing  or  de- 
creafing  EF  may  always  equal  the  Dift.ance  which 
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MIGHT  BE  u^7l?0RMLY  defcrib'd  in  that  con- 
stant Portion  op  Tjme,  m  n,  with  the  Amount 
or  Remainder  of  Velocity  at  D;  for  thus  is  EF 
i^ili  the  Fluxion  of  AD  (per  Defin,)  tho'  a  variable 
Q^iantity  producing  its  proper  Fluxion  GH.  This 
h  dettrmin'd  as  EF  was  at  firft,  viz,  take  GH 
equal  to  the  Diitance  which  might  be  uniformly 
dcfcribed  in  the  faid  constant  Portion  of 
Time  «?«,  with  the  Yeljcity  of  F,  whereby  EF 
was  increas'd  or  decreased  when  D  left  A.  It  is 
likewife  caird  the  fecond  Fluxion  of  AD,  as  being 
Fluxion  to  a  Quantity  that  is  the  Fluxion  of  AD, 
Again,  if  the  original  or  given  Motion  wherewith 
AD  is  generated  be  fuch,  that  GH  is  alfo  variable; 
let  IK  be  taken  equal  to  the  uniform  Space  which 
MIGHT  be  generared  in  ?nn,  with  die  Velocity  of 
H  tending  to  increafe  or  decreafe  GH,  whilfb  F 
began  to  incrcaie  or  decreafe  P]F  upon  D's  leaving 
A;  for  fo,  IK  is  the  firft  Fluxion  ofX^H,  the  fe- 
cond of  EF,  and  the  third  Fluxion  of  AD.  And^ 
as  D  advances,  the  fluxionary  Lines,  before  af- 
fumed,  increafe  or  decreafe  by  the  Motions  of 
their  refpedlive  Points  F,  Fl,  K>  that  in  all  Pofuions 
of  D  they  are  flili  the  firft,  fecond,  and  third 
Fluxions  of  AD. — Laftly,  it  is  not  difficult  to  con- 
ceive fuch  an  Acceleration  in  D,  that  neither  EF, 
GH,  IK,  nor  any  other  lucceeding  Qj^iantity  ftiall 
he  UNIFORMLY  increas'd  or  diminilh'd  by  the 
Motion  of  its  regulating  point  F,  H,  K,  ^c. 
whence,  there  will  moft  manifeftly  arife  a  Progrcf- 
fion  of  Fluxions  in  Infinitum.  I  he  Defcent  of 
heavy  Bodies,  accurately  confider'd,  according  to 
the  true  Theory  of  Gravity,  aft'ords  this  infinite 
Progreffion.  Their  Dclcent  by  an  uniform  Gra- 
vity no  lefs  evinces  the  Limitation  of  the  Orders  of 
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Fluxions:  for,  if  D  be  uniformly  accelerated,  GFl 
(the  fecond  Fluxion  of  AD)  is  a  conftant  Quan- 
tity ;  feeing,  an  uniform  Impulfe  on  D,  muftne- 
celfarilv  caufe  an  equable  Velocity  in  F,  rend'ring 

GH  CONSTANT. 

To  iilnfttate  the  Gime  in  plane  Figures  ;  let  ABC 
be  any  triangular  or  cnrviiineal  Space  generated 
by  the  Right-Line  BD  moving  uniformly  and  pa- 
Fig,  rallel  to  itfeif  over  the  two  given  or  immoveable 
2.  Lnes  AL,  ACW.  B^  (=  AR  -  RT.  zz  TO) 
is  the  uniform  Dift'mcc  defcribM  by  the  Point  B 
in  any  constant  Portion  of  Time  mn;  that  is, 
B^  (=  AR  or  RT  -  TO)  is  the  Fluxaon  of  AB. 
So,  CE  being  parallel  to  ABand  AP  always  equal 
to  BC,  the  Redanple  Qb  or  AQ^v/ill  be  the  Flux- 
ion  of  the  Area  ABC.  Now,  lince  the  Line  PQ^ 
keeps  moving  from  AR,  and  the  Redangle  AQ 
continually  increafmg  as  the  Ordinate  BC  increafes 
aiiume  the  Rccliangle  RV  equal  to  the  Space  that 
MiGHt  be  UNIFORMLY  defcrib'd  in  Qn7iy  with  the 
Velocity  whereby  AQjs  increafd  in  this  Pohtion: 
and  then. is  RV  the  fiiit  Fluxion  of  AQ^  and  the 
fecond  Fluxion  of  ABC.  Again-,  if  the  Forma- 
tion of  ACW  befuch,  that  the  Increafe  of  BC  is 
not  equable,  RV  will  be  fubjecl  to  a  Variation 
likevvife.  Take, therefore,  the  Rectangle  TS  equal 
to  the  UNIFORM  Space  which  might  be  produced 
in  Time  mn^  with  the  Velocity  of  RV's  Increafe. 
This  TS  is  evidently  the  fii  (l  Fluxion  of  RV,  the 
fccoxid  of  AQ,  and  the  third  Fluxion  of  ABC  : 
and  afier  the  fame  manner  are  all  Fluxions,  whe- 
ther of  Lines,  Surface?,  or  Solids,  to  be  confider*d. 
But,  be  it  ever  remember'd  that  the  Velocity  with 
which  a  Quantity  is  faid  to  be  generated,  is  not  ef- 
teem'd  the  Velocity  of  any  of  its  particular  Parts 
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■r  Terms,  but  the  Celerity  or  Degree  of  Swiftnefs 
I    wherewith  the  Magniiude    of  that  Quantity    is 
changed. 


Corollary. 

Hence,  it  will  appear  that  the  firft  Fluxions  of 
Quantities  are  as  the  Velocities  with  which  thofc 
Quantities  are  increai'd  ;  that  fecond  Fluxions  arc 
as  the  Increafe  orDecreafe  of  fuch  Velocities;  and 
that  by  fecond,  third,  fourth,  &c.  Fluxions  arc 
meant  Fluxions,  whofe  Fluents  are  themfelves 
Fluxions  to  other  propofed  Qjantities;  and  the 
manner  of  conhdering,  and  determining  them  is 
the  very  fame  as  tho'  they  were  firfl  Fluxions,  they 
being  adually  fo  to  the  Quantities  from  which  they 
are  immediately  derived. 

Thefe  Particulars  duly  weighed  will  (I  hope)  re- 
move all  the  Difficulties  and  feeming  Inconfiften- 
cies  fo  often  coniplain'd  of  in  a  Progreffion  of 
Fluxions.  There  is  no  eliential  Difference  amongft 
them:  the  Procefs  is  only  the  more  tedious  the 
higher  we  go.  I  (hall  therefore  proceed  to  lay 
down  a  Lemma  and  Propofition,  and  froni  thence 
endeavour  to  deduce  the  neceilkry  Rules  for  de- 
termininor  all  Orders  of  Fluxions:  but  firft  of  all 


tr> 


obferve  the  foUowins; 


o 


# 


Notation 


y  ftands  for  the  firft  Fluxion  of  jj^ ;  y  for  the  fe- 
cond Fluxion  of  J,  ^nd  firft  Fluxion  ofj|/;  y  for 
the  third  Fluxion  of  j,  the  fecond  Fluxion  ofy, 
2nd  the  firft  Fluxion  of  f,  ^(\  ,*i  Hands  for  the  firft 
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Fluxion  6(z;  z  for  the  fecond  Fluxion  of  2,  and 
the  tiift  Fluxion  of  if,  tsc,  and  io  on,  tor  any  other. 


Lemma. 

The  Fluxion  of  the  Area  ABC,  whether  trian- 
gular or  curvihnea),  is  the  Rectangle  xy. 

S'jppofe  a  Body  B  to  move  from  A  towards  F, 
and  to  fend  forth  a  Rayj?  always  perpendicular  to 
^""^K-  AF,  and  lengthening,  as  the  Body  approaches  F  ; 
3-  fo  as,  by  its  Extreme  C,  to  defcribe  the  Curve  or 
right  Line  AC  :  And,  at  any  propofed  Pofition 
BC,  conceive  ?/ to  become  constant,  while  the 
Body  moves  uniformly  any  constant  Time 
mny  with  the  Velocity  at  B,  over  the  Diliance;c  or 
BD;  for  then  willj  in  the  Time  mn  uniformly 
generate  the  Redlangle  xy,  which  Rectangle  is 
plainly  the  Fluxion  of  ABC  in  this  Pofition  {per 
Befinit.) 

Scholium. 

It  has  been  commonly  objeded  to  the  Accuracy 
of  Fluxions,  that  the  Trapezium  or  curvilineal 
Space  BC^eD,.iiot  the  Redmgle  xy,  is  the 
Fluxion  gcometncally  exad.  But,  this  objecftion 
is  built,  1  apprehend,  upon  a  falfe  Idea  of  the 
Fig,  Thing.  It  fuppofes  a  Fluxion  a  complete  Part 
3.  of  a  flowing  Quantity,  and  an  Infinity  of  Flux- 
ions to  con(t)tute  the  flowino  Oiiantity,  which  are 
Mi  (lakes  {fa-  Definition  and  Leiuma. )  The  Area 
BC</eD  IS  the  Incrtnienr-,  the  Space  that  would 
have  been  generated  in  liME  ^?;;j  with jk  variable; 
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and  indeed  if;^'  be  imagined  infinitely  little,  an  In- 
finity of  Increments  may  conftitute  the  Area  ABC. 
But  in  Fluxions,  our  reafoning  is  quire  different  : 
a  Fluxion  can  no  more  be  called  a  Part  of  the  Flu- 
ent, than  an  Effed  a  Part  of  the  Caufe.  For  In^ 
ftance;  from  the  Fluxion  given  we  know  the  Fluent, 
and  vice  versa^  juft  as  when  a  Caufe  is  known  to 
produce  a  certain  Effedt,  we  can  infer  the  one  from 
a  Knowledge  of  the  other.  Of  the  fame  Kind 
is  the  common  Objedtion  againft  the  Fluxion  of  a 
Curve,  (F/g-.  4.)  that  V'jc'  +T^  nocexpreffinga 
Part  of  the  Curve,  is  not  accurately  the  Fluxion. 
But  it  is  accurately  fo,  for  y/  x^  -\-  y^  '-^  z  ^ 
ftraight  Line  which  would  be  defcrib'd  in  the 
Time  mn  unjformly,  with  the  Velocity  of  x  and 
y  compounded,  which  are  the  Amount  of  Velocity 
wherewith  the  Curve  is  generated  ^t  that  Inftant. 


Proposition, 

The  Fluxion  of  a  Redangle  xy  is  xy  +  yx. 
Let  two  Bodies,  B.C.  move  from   A   the  fame 
Moment  towards  Gand  H,  and  carry  along  with 
them  the  perpendicular  right  Lines  BF.CE.     The 
Path  AP  of  their  Point  of  Interfeftion  P  varies  ac» 
cording  to  the  Relation  of  the  Velocities  B.C  ;   but 
ftill  there    are  generated  with    a  variable  Celerity 
(like  ABC  in  the  Lem.)   two  Areas   ABP.ACP,  ^'^' 
which  together  are  always  equal  to  the  Redangle    5* 
BACDB.     Here   then,  as  yx  =  the  Fluxion   of 
ABP,  andr)/  =:  Fluxion  of  ACP,  {fer  Lem.)  and 
as  ABP  4-  ACP  -  the  Redangle  ABCDB  :^xy; 
and  equal  Fluents  have  equal    Fluxions,  yx  -f-  xy 
is  confequently  ==  Fluxion  of  ^^,     ^  E.  D» 

o 
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Corollary  I, 


If  AC  —  AB,  the  Figure  generated  Is  a  Square^ 
Then  is  x"^  or  ?/*  the  Fluent^  and  2xx  or  lyy  the 
FJuxion, 


CoROL.  II; 

Suppofe  AC  =  fecond  Power  of  BA.     Then  xy 

=  x\  and  the  Fkixion  is  o^xxx.  For  y  =  xx.y  zn 
2xx.yx  z=  2xxx.yx  =  ;i^a:.v  :•  j/  .^  +  xy  zz  ^xxx  the 
Fluxion  of  x^. 


COROL.    III. 

And  nniverfally  ;  let  xy  r=  a:",  and  by  alike  Me- 
thod of  Invefligation,  the  Fluxion  will  be  found 
ntoc^~^  X. 

From  this  PropoHrion,  and  its  Corollaries,  I 
fliall  now  deduce  the  Fradical  Rules  for  finding 
the  Fluxions  of  variable  Quantities  multiply'd  to- 
getl.er;  of  Fi  ad  ions,  and  of  Powers.  Examples 
in  the  higher  Orders  of  Fluxions  will  follow. 

Theie  Rules  are  laid  down  in  Mr.  Simpson's 
Treatife  of  Fluxions,  thus,  1;/%.  To  find  the  Flux- 
ion of  the  Produd  of  fcveral  Quantities  drawn  into 
each  other, 


RULE. 

Multiply  the  Fluxion  of  each  particular  Quantity 
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by  the  Produtfl  of  the  reft  of  the  Quantities,  and 
the  Sum  of  the  Produ6ls  arifing  from  thofe  Multi- 
plications will  be  the  Fluxion  fought. 

For,  by  the  Propofuion,  xy  -+-  yk  ~  Fluxion 
of  .y:y ;  and  if  the  Fluxion  oi  xyz  be  fought,  put  (as 
Mr.  Simpson  has  done)  v  z:z  xy  \*  l  =z  xy  4-  jy^, 
and  the  Fluxion  of  vz  oxxyz  will  be  vz  -f  zi,  but 
v  zz  xy  -{■  j^and  v  zn  xy  \,  fubftituting  thefe  Va- 
lues in  vz  4-  zi,  it  will  become  zr/  +  zyx  4-  xyz 
zz  the  Fluxion  o^ xyz. 

To  find  the  Fluxion  of  a  Fradlion, 


RULE. 

From  the  Fluxion  of  the  Numerator  drawn  into 
the  Denominator^  take  the  Fluxion  of  the  Deno- 
minator drawn  into  the  Numerator,  and  divide  the 
whole  by  the  Square  of  the  Denominator. 

For  (following  the  fame  Author)  by  putting T;rz 

^  we  have  vy  zz  x,  and  vy  -\-  yi,  =  x  (per  Prop.) 

y 

•.   V  y  zz  X  — yv  \v=  —  \  :=:  x  — -L^zzt. i. 

\       y  I  y       y 

•.  ;  =  Zin^the  Fluxion  off-. 

yy  y 

To  find  the  Fluxion  of  any  Power  of  a  variable 
Quantity. 

RULE. 

Multiply  the  Exponent  of  the  given  Power  by 
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the  Fluxion  of  the  Root,  and  that  produfl  by  the 
Power  of  the  Root,  whole  index  is  one  icfs  than 
that  of  the  given  Power. 

This  follows  immediately  from  the  Third  Corol- 
lary,  and  is  indeed  no  more  than  jnx''^-''  x  in 
Words, 

An  Example  of  the  Firfi  Rule» 

The  Fluxion  of  ^  +  ?/.v,  or  fecond  Fluxion  of 
xy\%i'xy  -\- yx  4-  A^y,  wlicn  .randy  are  both  varia- 
ble ;  ^xy  -VyXy  or  z  xy  '\'  x y  when  only  one  of 
them  is  variable,  and  ixy  alone  if  neither  be  va- 
riable. 


An  Example  of  ike  Second  Rule, 
The  Fluxion  of-^- -^Viz,  the  Second  Fluxion 

yy 


of  ^  ^  is  ^  '^>y ""  ^  yy^  '^yy^  ~  ^-^y 


y  f 


Examples  of  the  "Third  Rule. 

2  XX  +  2XX  is  =:  the  Fluxion  of  2xx.  6xxx  -rf- 
^xxx  =:.  the  Fluxion  of  o^xxx;  for,  putting  x-x  zz  yy 
we  have  2.vx  =yy  and  ixx-h  2xx  zz  y;  (^^r  Cor. 
2.  and  Notation)  *..  by  fubftituting  thefe  Values 
ofjy,  j)/andjy  in  the  firll  Example,  2xy-\ryxj^xy 
becomes  6.ri;v  +  o^xxXy  the  fecond  FiUxion  o'i  x\ 
And  nniverfally  the  fecond  Fluxion  of.v^'is  m —  1 
X»^.r"'  *  x'  -\-  mx'^'~\x.  TheFluxior]  ofthis  again 
viz.  the  third  Fluxion  of  x"^  is  m  — 2  X  ?^  —  i 
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X  m  x^~^  p(^  +  ^m  X  w  —  IX  mx"^"*  xk  + 
mx^'^x*  Thefe  Exprcffions  are  eafily  diverllfv'^ 
upon  fuppofing  ^  or  j/ or  both  conftant:  and  the 
Method  being  the  fame  for  all  Orders  however 
high  we  go,  I  think  it  fuperfluous  and  unneceflar^ 
to  enlaige. 

So  here  T  (hall  conchide,  prefuming  that  This 
may  fuffice  to  give,  in  general,  an  accurate  Idea 
of  the  Dodrine  of  Fluxions ;  which  is  all  I  aimed 
at.  The  Application  to  Phyfics  and  Mathematics 
is  foreign  to  my  Purpofe,  and  not  fuie  i  to  a  Hen- 
der  Skill  and  Experience  in  thefe  Studies.  I  might 
perhaps  with  Juftice  enough  add  too,  a  Perform- 
ance of  that  Kind  is  fcarce  wanted  ;  for,  W'lat  more 
elegant  Examples  and  Solutions  can  we  expert  or 
defire  than   are  extant  in   the  Works  of  our  own  ^ 

Mathematicians  ?  My  Bufinefs  was  only  to  pave  the 
Way  a  little  :  but,  Eft  quadam  prodire  tenus. 
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And  sold  by  Sherwood  and  Co.  and  Wm.  Baynes,  Paternt>ster 
Row;  Lackington  and  Co.  Finsbury  Square  ;  J  Nuirn, 
Great  Qaeen  Street,  Lincoln's  Inn  tieJds;  a..d  J.  S.  Dickson, 
18,  Ivy  Lane,  Paternoster  Row. 


On  the  gtk  November,  (Lonlinued annually ,)  w'll  he  publisheJ. 
price  2s  siitcked. 

The  GENTLEMAN'S  MATHEMATICAL  COMPA- 
NION  ;  containir^g  answers  to  the  last  year's  fcnigmas.  Rebuses, 
Charades,  Queries,  and  Questions,  also  new  Enigmas,  Rebus- 
es, Charades,  Queries,  and  Questions,  proposed  to  be  an- 
swered the  year  toUowing:  to  which  will  I  e  adced,  some  original 
Tract,  or  Valuable  Selections,  taken  from  Authors  of  known 
celehrity. 

Pel  sons  possessing  inipetfect  sets  of  this  work,  and  desirous 
of  completing  them,  are  requested  to  apply  immediately  for  the 
deficiences.  A  few  sets  reniaining  unsold,  may  be  had  at  the 
lately  advanced  price  of  23.  per  Number. 

In  the  press,  and  will  he  published  alout  the  same  timet  a  second 
Edition  of 

The  KEY  to  BONNYCASTLE's  ALGEBRA. 
In  this  Edition  all  the  questions  are  worked  over  a  fresh, 
and  new  or  corrected  Solutions  given  to  those  that  are  defect- 
ive j  the  whole  carefully  revised,  and  adapted  to  the  last  Edition 
of  the  Algebra,  by  a  Person  of  known  celebrity  in  the  Mathe- 
matical Scieiicts. 

Speedily  will  he  pullished,  a  fifth  Edition  of 
A  complete  TREATISE  of  LAND  SURVEYING  by  tlic 
Chain,  Cioss,  and  Olf^et  Statfs,  shewing  the  various  methods 
<jf  Measuring,  Mapping,  and  Dividing  Land,  &c.  M'ith  an  Ap- 
pe»dix,  containing  the  I\Ieasuremeut  o^  limber.  Hay,  Marl- 
pits,  &c.  &c.  with  8  fokiing  Plates  ViV  Wm.  Dav  s,  late 
Editor  of  the  Genileman's  Maihemaiical  Companion.  To  this 
Edition  will  be  added  a  portrait  ot  the  Auilior, 

By  the  some  Juihor, 
^  short  but  coraprthensi\e  TRE.iTISE  on  tlie  GLOBES, 


Booh  printed  J  or  Anne  Davis. 

the  SOLAR  SYSTEM,  <S:c.  in  which  the  New  Discoveries  are 
introduced,  J2mo,  i^eatiy  bound,  Ss.  Od. 

A  KEY  to  BO:nINYCASTLP:'s  mensuration,  in 
whicli  all  the  Questi9ns  unanswered  are  solved  in  a  clear  and 
comprehensive  Manner,  neatly  bound,  i'imo,  3s. 

A  KEY  to  BONxWCASTLEs  ARriTLMETIC,  contain- 
ing Soluiions  to  the  Questions  letl  uuansvverc  d  in  tiiat  u>etQl 
Work,  with  the  References  as  tiiey  stand  in  the  last  Edition. 
Primed  uniformly  wiih  tlie  Keys  to  i>onn}  castle's  Algebra  and 
Mensuration,  neatly  bound,  price  4s.  (iJ- 

AN  EL£Mi!:NTAllY  TREATISE  of  FLUXIONS,  by 
Colin  Maclaurin,  f.  k.  s.  j  in  2  large  octavo  vols,  hue 
paper,  with  4-2  co]  per  plates,  boara  ,  ll   7=^ 

A  TREATISE  of  FLUXIONS,  originally  in  2  vols,  by 
Thomas  Simpson,  f.  r.  s.  ;  now  brou^lit  ihto  one,  uniforai 
with  the  above,  bounls,  lbs- 

NEWTONS  (Sir  Isaac)  PRlNClPIiE,  by  MOTTE,  in 
which  is  embodied  the  System  of  liie  World,  and  Enicr&on'* 
Comment,  3  vols.  8vo,  boards,  ll.  xi)^ 

FENNING'S  EASY  GUIDE  to  PRA  TL  A  .  ARITIL 
^lElIJ,  wilh  great.. iruprovenientb  and  .Add;..  .  :.s. 

On  the  \\Mh  Ajaij,    IBOy,  wa<i  pullUla'd    prke  U.  C',d  hound, 
L'tuig  tlieytki  iiud  the  2d  Edi.ion  ^y  i/ie  Lid  If'ni.  Davis, 

FENMNG'S  ALGEliR  AIS  T'u  COMPANIUX  ;  or,  a  new 
and  easy  Guide  lo  Algebka,  introduced  by  the  i>oem:.e  of 
Vulgar  Fiaction,  de^igned  lor  the  use  of  bchouis,  and  lor  such 
who  by  dint  ot  tiieir  own  apjiiicaiion  would  become  acquai.ted 
with  the  Kudimeiits  of  thai  i^obic  Science.  ldu.«»trated  wvdi  a 
variety  of  Numerical  and  Literal  examples,  uiih  ai  Appendix 
on  the  R'^  diments  ot  Quadratic  Etjuatioi-s,  i^xtractioii  <jf  ^oots, 
&:c  with  a  Supplement,  by  the  said  \V  i^avL,  ci/uuiiiiing  timty- 
eight  belcci  Pioohnis,  witii  their  Solutions,  which  i.iustraie 
the  Meifiod  of  expunging  ^eveial  unknown  cjuantiiies,  with 
Solutions  of  EquaLions  of  the  higher  o;der,  and  mi^tbod  of  m- 
iinite  Series,  tx.c. 

N.  B  To  this  Edition  is  added  a  Suin'LEMENXof  a  former 
Euitiijnby  the  Reverend  J.  Hhlli.ns,  Cwnuiuimg  iiic  n.elhod  of 
exterminating  two  or  more  u.iknowii  quantities,  out  of  an 
Lquution,  s<yme  iuithcrobscrvaLioua  or.  Quadra tic.^,  kc 

N.  B.  This  work  was  btg.ui  and  piepared  h^r  the  press  by  the 
late  Wm.  Davis,  and  ihe  press  has  becii  supciii.tcii:.td  by  a  i'er- 
j»on  well  versed  lU  Liicac  Scieihcs. 


Booh  printed  for  Amie  Davis, 

*^*  The  last  mentioned  five  works  were  Edited  by  the  Ijste 
William  D  ivis. 

A  TREATISE  on  SPHERICAL  GEOMETHY,  containing 
its  Fundamental    Properties  j    t  e   Doctrine  of  its    Loci;  the 
Maxima  and  Minima  of  Spherical  Lines,  and  Areas  ;   with  an 
Application  of  these  Elements  to   a  variety  of  Problems. 
Plates,  8vo,  price  7s.  boards-     By  JoHN  HOWARD. 

N.  B.  Only  a  few  Copies  of  this  valuable  work  remain  unsold. 


Shorlly  will  be  pjihlished, 

A  Catalo2;ne  of  scarce  Mathematical  and  Philosophical  Books 
selft-cted  from  the  best  Authors,  and  most  of  them  out  of  print  5 
amongst  which  are  the  following  .  Atwood  on  Rectilinear  Mo- 
tion—  Emerson's  Works,  complete.  —  Simpson's  Works,  com- 
plete.— vSimson's  (  Robert)  Opera  Quacdam  Reliquia. —  Apol- 
loini  Pergoeli  Locorimi  Planorum. — Newton's  Works,  by  Dr** 
Horseley, — Ditto  Principia  Matbematica,  a  Jacquier,  4  torn. 
— Ditto  Arithmetica  Universalis,  by  Castilioni.  2  torn. — New- 
ton's Quad  ature  (;f  Curves,  by  Stewart. — The  Mathematician. 
— ^Turner's  Mathematical  Exercises. — The  Student;  Liverpool, 
4^  Numbers,  all  ever  published. — Complete  Sets  of  Gentlemen's 
and  Ladies'  Diaries,  Palladiums,  and  Ephemeries. — Whiting's 
Poetical  and  Mathematical  Delights.— Scientitic  Receptacle.— 
,  Stockton  Bee.  being  a  collection  of  Puetry,  Queries,  Mathe- 
jmatica!  Questions,  &c.  &c. 

Philosophical  Transactions,  90  vols- — Encyclopaedia  Britan- 
iiica,  20  vols,  bds — Euler's  Works,  Foreign  and  English  edi- 
tions.—Deraoivre's  Miscellanea  Analitica.  — Ptolemei  Pianisphce- 
rum—  Ditto  de  Anaiennnate — Hooke's  Philosophical  Tracts. — 
Moxon's  Mt^chanic  Exercises,  3  vols. — Ricciole  Almagestuin, 
Astronomium  Veterum — Smith's  Optics — Rioz's  Tables  of 
Astronomy  and  Navigation,.  1805. — Parkinson's  Mechanics 
and  Hydrostatics.-— La  Place's  Theorie  de  Planetes. — Hatton, 
©n  Clock  and  Watch-making. — Taylor's  (Brook)  Linear  Per- 
spective, 8vo. — La  Grange's  Theorie  de  Fouction. — Banks,  on 

Mills. —  Landen's    Mathematical    Memoirs Brownrig,     on 

making  common  ^alt. — European  Magazine,  'from  its  com- 
mencement.— Le  Gendre  de  Geomelre. — Malcolm's  System  of 
Arithmetic-  — Vince's  A  tronomy. — Holiday's  Miscellanta  Cu- 
riosa  Maihematica  — Ditto  Syntagma  Mathesios — Maseres's 
Scriptorcs  Logarithmici,  6  vols. — Sander.sou's  Algebra,  Sec 
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